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1. Introduction

A proper method for constructing harmonic Green and Neumann functions for
plane domains with boundaries consisting of arcs from straight lines and circles is given
by the parqueting-reflection principle (Begehr & Vaitekhovich, 2011a; b; Begehr &
Vaitekhovich, 2013). The continued reflections of the domain at the boundary parts
have to achieve a parqueting of the entire complex plane C. Such admitted domains are
e.g. strips (Begehr, 2016), half, quarter planes, plane sectors (Begehr et al., 2009;
Begehr & Vaitekhovich, 2012; Begehr et al., 2010; Gaertner, 2006), discs, disc sectors
and ring sectors (Begehr & Vaitekhovich, 2010; Begehr & Vaitekhovich, 2013; Wang,
2011; Shupeyeva, 2013), rectangles (Begehr, 2016), equilateral triangles (Begehr &
Vaitekhovich, 2010; Begehr & Vaitekhovich, 2011; Begehr et al., 2010), circular rings
(Vaitsiakhovich, 2008a;b;c; Begehr & Vaitekhovich, 2010), lens and lunes (Begehr &
Vaitekhovich, 2014), half-hexagons (Shupeyeva, 2013), certain domains in hyperbolic
geometry (Akel & Begehr, 2017; Begehr, 2014). Even if the parqueting is achieved the
reflections might not necessarily provide proper fundamental solutions to the Laplace
operator (Begehr, 2005; Begehr, 1994) as e.g. for domains with ellipses as boundaries
(Begehr et al., 2017a;b).

The elements of the set of straight lines and circles in the plane are simply
described in complex form as

a|z|2+62+b2+c:0, O<|b|2—ac,
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a, Care real, b is complex. A point z in the complex plane C is reflected at this
curve onto the point Z,,satisfying

az,,z+bz,, +bz+c=0.
Obviously, a point on the curve is reflected onto itself.

The principle works as follows. A point z from the respective domain D is
reflected at all parts of the boundary oD of D onto several points, each in an image
domain of D. These points are taken as simple zeroes of a meromorphic function P,
for which the initial point z € D is chosen to be a simple pole. Continuing the procedure
zeroes are reflected onto poles and poles onto zeroes. In case the process is infinite the

. 2. .
resulting product turns out to converge and then G,(z,¢) = Iog|Pl(z, g)| is the harmonic

Green function for D. Here zeD s the initial point and ¢c€D is the variable.
Choosing z and ¢ in any of the image domains of the reflection process the same
expression for G, turns out as the Green function for this domain.

The same set of reflection points of z € D provides the harmonic Neumann
function for D. All the points are taken as simple poles for a meromorphic function.
For the product, in case it is an infinite product, proper convergence producing factors
have to be introduced.

This procedure will be applied to the domain
Ll 2 <af =iz, 1<y

D,=D=4=< z—1
2 2

1
1. Reflecting z € D at the unit circle, 0D = {|z| = 1},i.e. Z= 5 produces
re

50: E<i—£,i<1 :{1<|z|, z+2<2}.
2 |z 2] |z,
2. Reflecting ze D at 2—1—1 o Z=_r Its i
. Reflecting ze Da S5 e 271 results in
5,201 l2], 1 1]
3 3 2| 2

Figure 1. Domain D with the first reflections
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3. Inductively, it follows
k+1]| k| 1 }’keNo_

1
D,=1——=<]|z- |z = <
{k+2 k+2| k+1| k+1
The D;s shrink to the point z=1 and provide a parqueting for the unit disc,

D = UkeN0 Dy. Moreover, the half plane {z+2<2}= So W D. For a parqueting of the
complex plane C all the D;s have to be reflected at {z+2Z =2}. Thus D, is reflected

onto
<i}, k e Ny,

5 ) 1 k+3| | k+2
“ k+1

<|lz- J|z———
K+2 k+1| k+1

while Dy is reflected onto

O

N ={1<|z—2|, 2<z+2}.
Hence, B

C=SOUISO [ﬁkugkj.
keN,

2. Harmonic Green functions for D .

In order to construct the meromorphic function which will determine the Green
function the continued reflection of z € D, have to be found.

~ 1 = 1] 1
1. ze D, reflected at {]Z|=1} gives Z, :EE D, and reflected at {Z_§|:§}
Z, = z D
leads to Z; 22_16 1.
. 2| 1
2. 2, € Dy is reflected at Z—§‘=§ onto
27,-1 1
Z, =— = :
3z,-2 1-2
Inductively
(k-1)z —k 1 2k +1 2k | 1
Zyy=—"——eD, = <|z- |z - <
kz —(k +2) 2k +2 2k +2 2k +1] 2k +1
is reflected at Z—2k+1|_ L t
is reflected a K+2| 2k+2 onto
k+1)Z -k
Lok = ( _) € Dy
(k+2)7— (k +1)
1 2k + 2| 2k +1| 1
= <|z- |z - < :
2k +3 2k +3]'|7 2k+2| 2k+2
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3. Finally, all these points have to be reflected at the line {Z+Z =2}. The original

2z2-1 =~
e D,,
. 0

: . . _ ~ 1 = 2
point z € D, is mapped onto Z=2—-Zand Z =E€ D, onto Z =

similarly, z,, € D,, and z,,, € D, 4, ke N, onto
5 C(k+Dz-(k+2) 1 (k+3dz-(k+2) 1 A

= D, iy, = ==——=¢eD, ;.
2k kZ _ (k +1) 22k+2 2k 2k+1 (k + 2)2 _ (k +l) 22k+3 2k+1
These reflections lead to the meromorphic function
21-7¢ ¢+7-2 171S$—Zau §— Zoer
P(z.¢)== =22, 1)
' Z g-7 zc+1-2z QG_szz S~ Zxa
Lemma 1. The infinite product P, from (1) converges for z,5eD, ¢ #z.

Proof. From

S Zokn _q_ Zoke2 "ok ST 2oks2 g _ Lokt T Lok

’

S = Lok S~ Lok S— Iy S— Iy
and
s — T = -l
ez T T 1)z — (k+ ][k +2)Z— (k+D)]
., -2
et TAR2 T+ 2)z— (K + D[k +DZ - (k +2)]
follow
|sz+2 - 22k+1| < L < L '
Jkk+D)(k +2)(k +3) k(k+2)
4 4

|22k+1 - sz+2| <

< .
Jkk+D)(k+2)(k+3) k(k+2)
As iim z, =1 for z,,7, ¢D,ceD the respective denominators are bounded away from
0. Obviously, P,(1,¢)=1 because for z=1 the relations z,, ., =27,., =254 = 2., =1

hold.
Lemma 2. The function |R| from (1) is symmetric, i.e. |R(z,¢)|=|R(s,2)| for

z,ceD,¢c#1z

Proof. From
S—Zpu _Z=6un (K+2)g—(k+1) (k+D)z-(k+2)
S—Znz Z-$ua  (KtDg—k  (k+27-(k+1)’
S— 2y Zz_ézmz k+D)s—(k+2) (k+2)z—(k+])
St Z=Gokea (K+2s—(k+3) (k+D)Z—-(k+2)’

follows

H S =k S~ Loksn _ Z—Goks1 Z—Goks2 Z—Goxs2 Z_§2k+1a
- .

0 S~ Zoz S 2y ko Z7GSoki2 2=k Z—Gakia LG
with

oy o KHDs—(k+2) (k+2)g—(k+1) (k+Dz—(k+2) (k+2)z—(k+])

T k+2)c—(k+3)  (k+Dc—k (k+2)z-(k+D) (K+DZ—(k+2)
Observing
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{Z_gzmz Z— G

n
lim ==y
”_’”g Z—Gopss L= G
_ lim Z-Sonn I-6, c-2 (n+2)g—(n+1)|: Zc+1-2z
el Z-Gy Z=Gony (N+2)5—(n+3) S | zg+1-2¢

then |R.(z,¢)|=|R.(s.2)| follows.

Theorem 1. The function Gl(z,g):log|P1(z,g)|2z,geD,g;tz is the harmonic Green

function for the domain D.
Proof. Because P,(z,) is meromorphic in D with a simple pole at the point z, the

function G,(z,)) is harmonic in D\{z}. Moreover, Gl(z,.g)+log|g—z|2 is harmonic in D.
To check its boundary behavior one observes for |z| =

Z2-¢ 2c+1-22yvq4 -1 -1 1
Pl(Z,g) == S L5 H 2k+2 ,\2k+l — ’
27g-1 2-7-¢ 4 ¢~ Zaa S~ Zlawz RU(Z0)
i.e. |P(z.¢)|=1, as for |7 =1 the relatlons Zoris = Zotts 2oriy = 2o1sp  DOI.

Inserting

z—%‘:%, ie. 42 =2+7 or z=2z into the expression for P,(z,¢)

and observing z,,.,; = Z,y, 25,4 = 25, ShOWS Fi(Zl,g):%, so that again |P,(z,¢)|=1.
1(Z,¢

3. Poisson kernel for D.

The Green function G,(z,s) provides the Poisson kernel as
gl(zig) = _%angl(Z'g)v Ze D! S GaD ’

where 9, is the outward normal derivative on oD. On [g[=1 it is given by
1

0, =¢0.+¢0;, so that applied to real functions 0, =2Regd_ . On the part =3

_1
"7
similarly 8 =—(2¢-1)0, - (25 -1)0;, so that for real functionsd, =-2Re(2¢-1)0..

Be3|des the above representation the Green function can also be rewritten as

z1-z +7-2 ¢-12 c—12 c—1
Gl(Z,g) Iog S ¢ 1 H 2k+1 2k | )

7 6-72 26+1-22¢6-2) 5 ¢—Zn G6—Ixa

Thus either
YN C R JE S S
¢—z 1-7Z¢ 12¢+1-2z ¢-7-2
. 2)
{ 1 1 1 }
+Z - —
ke LS Zokst ST Zoks2z ST Zlpke2 6T Inm
or
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1 1 Z z 1 1
+ - + + - -
¢-1 ¢-1, l1-7Z¢ 12¢+1-27 ¢c+7I-2 ¢-1,
(©)
1 1 1 }
+ Z - + — ——— .
S~ Ik S Zak STl S Zlpku
Both representatlons are used in the next proof.
Theorem 2. The Poisson kernel satisfies on |¢| =1

0.Gy(2,6) =~

Gze)=_" S 4+—E 1400 for |11
-7 ¢-1

91(2,§)=O(2|Z|2 ~7-7) for

1 1
-S> =.
2| 2

For

_l‘_l
I
0:(2,6) =0(~|z[") for 2] 1,

2 1 2c -1
gl(z,g)=—gg o

+2+O(2|z| —~z-7) for

1‘ 1
Z——|—>—.
-7 -z 2 2

For the proof two remarks are stated.
Lemma 3. For || =1, |7 =1 but z=1 then
c+Z2-2#0,z¢+1-2z+0.

For -

§—1=1, y_1 but z =1 then
2| 2 2| 2
¢c+Z—-2#0,2¢+1-22+0.
Proof. 1. If ¢+Z-2=0 then |g|2:1:4—2(z+2)+|z|2 i.e. z+2=2, sothat Rez=1.
As |z|=1, then Imz =0, i.e. z=1.For |z|=1 then zg +1-2z=2(¢ +7 - 2).

2. Assume ¢+Z-2=0 for 2|g|2:g+g‘ and 2|z|2:z+2. Then g—%zg—f,
hence, 4-2(z+2)=0, i.e. Rez=1. Because 2|z|2:z+2 then |z|2:1. Thus Imz=0
and z=1.

Similarly, from zc+1-2z=0, ie. z(2-¢)=1 follows ZZ:2|Z|2(2—g):
2-9)z+2)=2(z+2)—c(z+7), ie. 22=g(z+2):2g|z|2, ie. 1= =2 =|zg], so that

Imzg=0. From 4:4|z|2|g|2:(z+z)(g+g‘) follows 2=zc+zc=2Rezc. Hence,
Rezg =1=|zg], i.e. Imzg=0.
Thus Imz(c+5) =0, i.e. ImzRes=0.

Either Re¢ =0 for

g—%‘z%, sothat ¢=0 or ¢=1. If ¢=0 then 1-2z=0, but

‘z—%‘:%. Or ¢=1, then z=1, or Imz=0 for
z =0 contradicts that z(2-¢) =1 holds.

Proof of Theorem 2. Using (2) and observing

z—%‘:%, so that z=0 or z=1. But
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1z B 1—|Z|2 @
c+7-2 2c+1-27 (c+7-2)zc+1-22)’
% - Z =0 for z=1,
c+Z-2 126+1-2z2
7" -1
Zoksr — Lok = - ,
[(k+Dz—(k+ ][k +2)Z—(k+1)] (5)
5 R 4(|z|2 -1)
Logsg ~Logsn = - ;
[k+2)z—(k+D][K+DZ—(k+2)] (6)
then for |¢| =
.Gy (2,6) =—————=_ +1+ 0@ |2) for [7—>1,
c—7 ¢-1
9, G1(21§)=—2(—g = —1]+O(1—|z|2) for 7] > 1.
: c—7Z ¢-12
Starting from (3)
1 1 Z z 1 1
0.G,(z2,¢) = = - - + -
Gilz.6) -2, ¢—7 l1-I¢ 1c+1-27 ¢+7I-2 ¢-1,
. Lok — Lok Ly =2y
+ + — —
é {g sz)(g 22k+1) (g_zzk)(g_22k+1):|
and observing
- 2
11 z+7-2 )
c-1 ¢-1 (226-¢-7)c-2)
_ 5ol
z_, z _ z+7-27 | @®)
1-7¢ 2¢c+1-2z (1-Z¢)2z¢+1-2z2)
- 2
1 . 1 _ z+7-2 | ©)
c+7-2 2c+1-27 (c+7-2)2zc+2-37-¢)
ZMZ—Z—Z
Pkt ™ Pk = [(k+2)Z—(k+D][kz—(k +1)] "
(10)
.. ZMZ—Z—Z
“o~ a2 = [kz— (K +D][K+2)z—(k+D]
(11)

thus for |¢| =

8, Gi(z,6)=0(27" -z-1) for

1 1
-S>
2| 2

Again starting from (3) and using for

1 1. 2 _
-—|==1ie.f =
< 2‘ 2Ie 0I‘|g| c+¢

2g—1=2+ 1 251
sS4 2Ig-7-¢ ¢-1
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and the formulas (7) to (11) show for ‘g—%‘ =%the relation
(2;-1)agel(z,g):_ﬂ_zg__1+2+0(2|z|2—z—Z) for z—l‘—ﬁ.
c—7 ¢-12 2| 2

Finally from (2), using
1 4 1—|z|2
+——= —
s-72 1-7¢ (s-2)1-179)

c— %‘ =% the asymptotic behavior

together with (4) to (6), for

(26-10,.G/(2,6)=0@-|z[") for |z|—>1
is seen.

4, Harmonic Neumann function for D.

The parqueting-reflection principle suggests to introduce the infinite product
_¢—21-7¢ 2¢+1-22 ¢+Z-2
Q(z,¢) =12z S ¢ ¢ S
¢-11-¢ ¢-1 ¢-1
T 1S~ Zasz S~ Zosr S~ Zokr §— Lok
x , Z,¢ceD.
g { s-1 ¢-1  ¢-1 ¢-1 }
Lemma 4. The infinite product Q, from (12) converges for z,c e D.
Proof.

(12)

(g - 22k+1)(§' - 22k+1) o —1-6(Zpig + 250 — 2)

(¢ -1 (c-1)° |

ZoknZokn —1=— |Z|2_22+1 V2= Zppn — Ly = it ;
e I(k+2)z—(k+1)° ST k422 (k+yf
(6 = Zso X6 = Zaics2) 1= ZyraZokiz —1=6(Zokin + Lo = 2)

(c-17 (¢ -1 '

Zokso Loy —1=— |Z|2_22+1 v 2= 2o — Loy2 = o2 :
(k+Dz—(k +2)] ’ T k+)z-(k+2)

Remark. Obviously, Q,(z,¢) fails to be symmetric. The reason is the necessity to
introduce convergence creating factors. Nevertheless, from the relations of the zeroes

o=t T ikl;rzl)_z(;-li ST (S?_g (Lk+1) o
i o
e
D 1 B

it follows that
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= _1-¢ g c—2 72+5-2
!Z =
Qun(s:2) 71791 7-1 -1
Xﬁ 2= Z= 651 2= Saa L= Sos2
ol 21 z-1 z-1 z-1
converges with n tending to « to the limit
z2-¢ 26-1 26+1-27z 72+5-212c+1-2¢ ¢—-2
2-12(z-1) (c-2(z-1) z-1 z2c+1-2z ¢

Al 2)=¢C

Xﬁ Z— §2k+1 Z—Goxio Z=Go L= Gos2 _
z-1 z-1 z-1

k=0
Hence,

= ¢—21-2¢ 2¢+1-2¢ 7z+5-2
,Z
QD=1 T T

Xﬁ Z=Gokit Z=Gaks2 Z= Gk 2= Goksr _
ol z-1 z-1 z-1 z-1

Theorem 3. The function N,(g, z):—log|Q1(z,g)|2, z,ceD,¢c#1z,is a harmonic
Neumann function for D satisfying, in particular 0, N,(z,5)=0 for ¢eoD\{L}, z€D.
Proof. As Q(z,) is analytic in D with a simplé zero at the point z the function
N,(z,¢) is harmonic in D\{z} and continuously differentiable on D up to the point
¢ =1. Moreover, Nl(g,z)+log||g—z|2 is harmonic in D.

1 z z 1 4
+ - - +
¢—z 1-7Z¢ 2¢+1-2z ¢+7-2 ¢-1

+Z{ + 1 + :1' + } _ 4 }
S~ Ly

k=0 S—Zp2 S—Ipkn S—Inip 61

I:Ny(z,6) =~

Z”: { 1-7
o1& [ [k+2)7—(k+D)k ~[(k +1Z K]
_‘]__
+[(k+1)z—(k+2)]g—[kz—(k+1)]
1-z
_[(k+2)z—(k+1)]g—[(k+3)z—(k+2)]

1 z 2 1 1-z 1-7
= + + + -
g z 1-7Z¢ ¢-1 ¢-1| ¢z+1-2z ¢+Z-2
1
z

1-7
_[(k +1D)Z—-(k+2)]g-[(k+2)7—(k +3)]}
For |¢|=1from
0 S 1-7
¢-1[k+2)Z—(k+D]c-[(k+DZ-k]

0 S 1-z2
c-1[k+1z-K)l-[Kk+2)z-(k+D]
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< 1-z
c-1[(k+Dz—-(k+2)]Js—[kz—(k+1)]
0 S 1-7
c—-1lkZ-(k+D-[(k+Dz—-(k+2)]

Re—2 Z[ 1 + ! + 1A + % _4 }
s 1T 62k S Zaki2 S~ Zakun S Zni ¢-1

_Re S 1 3 1-7 ,
¢—1|2¢+1-22 ¢c+7-2

follows

so that for |¢|=1, ¢ #1

Regd N, (z,¢) =Re S 1 - I -
sl o1
Inserting for 2|g* = ¢+ the relations
2 i | Fe - =, £ = &
" —c=5-ls[". s2c-D =g, i L

into

1-z 1 +1—7 1 JrZ—l 1 +Z—1 1
¢-1¢-1 ¢-11-7¢ ¢-12z2-26-1 ¢-1l¢+7-2

1 < {szu -1 + Zpp—1 + Zy—1 + Zyio _1}

agNl(Zig) =

LSS~ Zun S22 S 2y S Ix

shows for 2l =¢+¢

Re (26 —1)_N,(2,6) = Reg 1 (lzz 1=z 1=z __1-7
cs-1ll¢g—-1z 1 Z¢ 1c+1-27z ¢c+7I-2

with

v = i[ Zokin T2 | Zoks2 -1 N 22k+}_1 4 22k+A2 —1}
k=0l &~ sz+1 S k2 S Zloki1 ST Loz
As moreover,
1
[(k+2)Z—(k+D]s - [(k+1)Z—K]
A 1
- [kz— (k-1 -[(k+Dz-k]’
1-z 1
¢ [(k+D)z—(k+2)]c—[kz—(k +1)]
_Re 1-2 1
1-¢ [(k-1)Z —Kk]g—[kz - (k+1)]

thus,

X 1 (1-z 1-z2 1-z 1-z
Re——=Re—— + + - .
1-¢ 1-¢c\¢-z 1-Z¢ z2¢+1-2z ¢c+7-2
Hence, on %

_1‘_
°73
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Re(2¢ -1)0.Ny(z,6)=0
aslongas ¢=1.
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