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1.       Introduction   

 

A proper method for constructing harmonic Green and Neumann functions for 

plane domains with boundaries consisting of arcs from straight lines and circles is given 

by the parqueting-reflection principle (Begehr & Vaitekhovich, 2011a; b; Begehr & 

Vaitekhovich, 2013). The continued reflections of the domain at the boundary parts 

have to achieve a parqueting of the entire complex plane C. Such admitted domains are 

e.g. strips (Begehr, 2016), half, quarter planes, plane sectors (Begehr et al., 2009; 

Begehr & Vaitekhovich, 2012; Begehr et al., 2010; Gaertner, 2006), discs, disc sectors 

and ring sectors (Begehr & Vaitekhovich, 2010; Begehr & Vaitekhovich, 2013; Wang, 

2011; Shupeyeva, 2013), rectangles (Begehr, 2016), equilateral triangles (Begehr & 

Vaitekhovich, 2010; Begehr & Vaitekhovich, 2011; Begehr et al., 2010), circular rings 

(Vaitsiakhovich, 2008a;b;c; Begehr & Vaitekhovich, 2010), lens and lunes (Begehr & 

Vaitekhovich, 2014), half-hexagons (Shupeyeva, 2013), certain domains in hyperbolic 

geometry (Akel & Begehr, 2017; Begehr, 2014). Even if the parqueting is achieved the 

reflections might not necessarily provide proper fundamental solutions to the Laplace 

operator (Begehr, 2005; Begehr, 1994) as e.g. for domains with ellipses as boundaries 

(Begehr et al., 2017a;b). 

The elements of the set of straight lines and circles in the plane are simply 

described in complex form as 

,0,0
22

acbczbzbza   
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ca, are real, b  is complex. A point z  in the complex plane  C  is reflected at this 

curve onto the point rez satisfying 

.0 czbzbzaz rere  

Obviously, a point on the curve is reflected onto itself.  

The principle works as follows. A point z  from the respective domain D  is 

reflected at all parts of the boundary D  of D  onto several points, each in an image 

domain of D . These points are taken as simple zeroes of a meromorphic function 1P  

for which the initial point Dz is chosen to be a simple pole. Continuing the procedure 

zeroes are reflected onto poles and poles onto zeroes. In case the process is infinite the 

resulting product turns out to converge and then 
2

11 ),(log),(  zPzG  is the harmonic 

Green function for D . Here Dz  is the initial point and D
 is the variable. 

Choosing z  and ζ in any of the image domains of the reflection process the same 

expression for 1G  turns out as the Green function for this domain.  

The same set of reflection points of Dz  provides the harmonic Neumann 

function for D . All the points are taken as simple poles for a meromorphic function. 

For the product, in case it is an infinite product, proper convergence producing factors 

have to be introduced.  

This procedure will be applied to the domain  
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Figure 1. Domain D with the first reflections 
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3. Inductively, it follows 
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The sDk
 shrink to the point 1z  and provide a parqueting for the unit disc,  

𝔻 = kNk D
0 . Moreover, the half plane   0

~
}2{ Dzz 𝔻 . For a parqueting of the 

complex plane C  all the sDk
 have to be reflected at  }2{  zz .  Thus kD  is reflected 
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2.      Harmonic Green functions for D . 

 

 In order to construct the meromorphic function which will determine the Green 

function the continued reflection of 0Dz  have to be found.  
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3. Finally, all these points have to be reflected at the line }.2{  zz  The  original 

point 0Dz  is mapped onto zz  2ˆ and 0

~1~ D
z
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Lemma 1. The infinite product 1P  from (1) converges for  .,, zDz    
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z  for  DDzz kk  ,ˆ,   the respective denominators are bounded away from 

0. Obviously, 1),1(1 P  because for 1z  the relations    122212
ˆ
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hold. 

Lemma 2.  The function 1P  from (1) is symmetric, i.e. ),(),( 11 zPzP    for 
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then ),(),( 11 zPzP    follows.  

Theorem 1. The function zDzzPzG   ,,),(log),(
2

11  is the harmonic Green 

function for the domain D .  

Proof.  Because ),(1 zP  is meromorphic in D  with a simple pole at the point z , the 

function ),(1 zG  is harmonic in }{\ zD . Moreover, 
2

1 log),( zzG    is harmonic in .D   

To check its boundary behavior one observes for 1z  
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i.e. 1),(1 zP , as for 1z  the relations 22121222
ˆˆ,   kkkk zzzz   hold.  

Inserting 
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1
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2
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3. Poisson kernel for D.  

 

The Green function ),(1 zG  provides the Poisson kernel as 
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Both representations are used in the next proof.  
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For the proof two remarks are stated.  
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and the formulas (7) to (11) show for 
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