Advanced Mathematical Models & Applications Jomard
Vol.3, No.1, 2018, pp.85-93 Publishing

A SPECIAL SOLUTION OF CONSTANT COEFFICIENTS PARTIAL
DERIVATIVE EQUATIONS WITH FOURIER TRANSFORM METHOD

Murat Diiz*"

'Department of Mathematics Faculty of Science Karabuk University, Karabuk, Turkey

Abstract. In this study, we apply Fourier Transform method for general n.th order constant coefficients
partial differential equations. We obtained a formula for this kind equations.

Keywords: Fourier transform, partial differential equations.
AMS Subject Classification: Primary 35G05; Secondary 42A38.

Corresponding Author: Murat Diiz, Karabuk University, Department of Mathematics Faculty of Science,
78050 Karabuk, Turkey, e-mail: mduz@karabuk.edu.tr

Manuscript received: 09.02.2018; Revised 17.03.2018; Accepted 30.04.2018

1. Introduction

Partial differential equations are used in many areas of engineering and basic
sciences. For example, the heat equation, on wave equation and the Laplace equation
are some of the well-known partial differential equation used in these fields. There are
some methods for solution of partial differential equations. Lagrange method,
undetermined coefficients method, inverse operator method are some of the methods
used to find special solutions of constant coefficient partial differential equation. Apart
from these methods, partial differential equations can also be solved with Adomian
decomposition, differential transformation, variational iteration methods (Ayaz, 2003;
Chen & Ho, 1999; Patil & Kolte, 2015). These equations also can be solved with aid of
integral transforms.

Integral transform is a mapping from functions to functions that takes the
following form

9@ = [ f(©).K(a,t)dt, (1)
where K (a, t) is called the kernel of transform. In (1), f(t) is input fuction and g(a) is
output function. Integral transforms have been used in solving many problems in
applied mathematics, mathematical physics and engineering sciences. The best two
known integral transforms are the Laplace transform and Fourier transform. The Fourier
Transform, one of the gifts of Jean-Baptiste Joseph Fourier to the world of science, is an
integral transform used in many areas of engineering. It has been very useful for
analyzing harmonic signals or signals which are known need for local information.
Moreover the Fourier transform analysis has also been very useful in many other areas
such as quantum mechanics, wave motion etc. (Andrews & Shivamoggi, 1988;
Bracewell, 1965; Bogges & Narcowich, 2009; Denbath & Bhattad, 2015; Murray 1974).
Furthermore it has been useful in mathematics such as generalized integrals, integral
equations, ordinary differential equations, partial differential equations can be solved by
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using the Fourier transform (Diiz, 2018). Sums of some infinite series can be calculated
by using Fourier series. For example value of f,” *** dxwith Fourier transform or sum

X

of Yoy — which is infinite series with Fourier series can be calculated.

Another example of its applications could be that: voice of every human can be
expressed as the sum of sine and cosine. Since the electromagnetic spectrum of the
frequency of each voice is different, the frequency of each sine and cosine sum will be
different. In this way, a voice record can be found belongs to whom using the Fourier
transform. In fact, our ear automatically runs this process instead of us (Diiz, 2018).

In this study we get a formula for a special solution of n-th order partial
derivative equations which have constant coefficients with the aid Fourier transform.
The validity of the obtained formula has been seen by examples.

2. Basic Definition and Theorems

Definition 1. Fourier transform of f(¢t)

FIFO] =2, f(D).e7™ de ¥
is defined. Since integral (2) is function of w
Flf@®)] =FWw)
is written.
Definition 2. If F[f(t)] = F(w) then f(t) is called inverse Fourier transform of
F(w); where

[ee]

1 .
f(t) = %f_ F(w).e™tdt

and it is showed by f(t) = F[F(w)].
Theorem 1. The Fourier Transform is linear,Let ¢;,c, € R. Then
Fley () + ¢ f2(0] = 1. F[/i (O] + . F[fL(D)] -
Theorem 2. (Andrews and Shivamoggi, 1988) Let f(t) be continuous or partly
continuous in the interval (—o,00) and f(t),f (),f (©),..,f® V() -0 for

It] = 0. If £(8),f (), f (t),...,f@V(t) are absolutely integrable in the interval
(=00, ), then

FIF™@®)] = Gw)*F(w).
Definition 3. The Dirac delta function can be rigorously thought of as a function on
real line which is zero everywhere except at the origin, where it is infinite,

0, t+0
d(t)z{ o, t=0.

The Dirac delta function has some properties (Bracewell, 1965), that
J5,8®adt =1,
2, F(©.8(t = to)dt = f(to),
S5, F©.6M(t — to)dt = (=D f ™ (ty).
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Theorem 3. (Andrews & Shivamoggi, 1988; Bogges & Narcowich, 2009; Bracewell,
1965) The Fourier transform of the Dirac Delta function is 1.That is F[6(t)] = 1.

Theorem 4. (Andrews & Shivamoggi, 1988; Bogges & Narcowich, 2009)

W =w)™. 8™ W —wp) = (D™ n! §(w — wy). 3)
Here 6 (w — wy) is defined as following
(0, w#w
S(w—wy) = { o, W= Wo}'

Theorem 5. (Andrews & Shivamoggi, 1988; Bogges & Narcowich, 2009)
* 8w —wo)f(w) 1d"f(w)
dw = — (w = wy)

(w —wy)n W= n! dwn
Proof. From Theorem 4 we know that:
W —wp)".8@WWw —wy) = (D™ n!§(w — wy) .

Therefore we get

f Sw—wo)fw) . _ (1)”

(W — wy)™

d*f(w)
dwn

S 0w -wismaw =2 6 =,

Theorem 6. Andrews &Shivamoggi, 1988; Bogges & Narcowich, 2009; Bracewell
1965) Fourier transforms of some functions are following

DF[1] = 2n.6(w) ;
i) F[t"] = 2m.i". 6™ (w) ;
ii)) Fly™] = (iw)*. Fy];
d"Fly]
dwn '
V)Fle¥] =2n6(w + ia) ;
vi)If Fly] = Y(w), than F[e"or. f(t)] =Y (w + iwy).
Lemma 1 Let f(x, y) be continuous or partly continuous in the interval (—oo,c0) and
) f ) aes (), e f (6, y) = O fOF [x] = o0,

iv)F[t".y] = it

n—1
If f(x, y),af(x, y),ﬁf(x, y), ...,:xﬁf(x, y) are absolutely integrable in
interval(—oo, ), then Fourier transforms of partial derivatives n —th order of f(x,y)
are following.

o"f] _ 9"F(w,
l)T[ f BSZJO’
lgfbn=4mwmmw.
Proof. i) T[a f] [ ny e~ WX dx =
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an 00 —iwx
=y f_wf(x,y)-e dx =

ii) Let's do proof with induction. Forn = 1

T[aﬁ] f af =

+le f(x,y).e ™" dx = iwF(w,y).

0"F(w,y)
ayn

= lim 11m e~

a—>—ow b—

Thus lemma is true for n = 1.

We assume that lemma is true for n = m. Let’s
o"f .
F [ax_m] = (iw)"F(w,y).
We must show that lemma is truen=m + 1.

[am-l—lfl j- am-l—lf

—iwx
axm+1 axm+1'e dx .

If we apply partial integration method than we get that
am+1 . a b ] m
l fl K lim lim e ™™ —— >+ iwj 0_75 e wx dxl =

axm+1 d——00 h——00 dxm
. onfr .. . 1
= iwF [(’)x_m] = iw. (iw)"F(w,t) = (iw)" " F(w,y).

Thus proof of ii) is completed.

Theorem 7. Fourier transforms of partial derivatives (n + m).th order of f(x,y)are
following.

am+nf s nﬂ
F [6x"6ym] = (iw) a7 (F(W, y)) . 4)
Proof.
l am+nf l J00 an+mf _'
Lwx dx —
dxnoym dxndym
a"f ~ f _
iwx dx [
ay ax” axm
o o an(Wy)
= gy (@) F(w,y)) = (w)" —-5
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3. Solution of constant coefficients partial derivative equations from n-th order

Theorem 8. Let 4; ; arereal constants (1 <i<n,1<j<n,i+j<n)u=u(xy)is
a polynomial of x, y Then a solution of

0"u o"u o"u o™"u

Anp 3 An-11 92" 1dy + A4, 22 92 20y? + -+ Aoy gom T
n-1, an-1y, an-1y, an-1y
+A4,-10 =1 + A4, 21 ax" 20y + 4,32 ax"30y2 ++Aon IynT +
+---+A106—u+A01a—u+A00u =
"~ 0x Y ’
=F(x,y)
is
_ g I}"(F(x, y))
L) |’
where

L(D) = Ay, D" + ((iW)A1,n—1 + AO,n—l) prt
+ ((Iw)2Ayn—z + (I(W)A1ny + Agp_2)D" % +

+ ot (Ao GW)™ + Ao (W)™ + o+ Apo(iw) + Agyp) -

Proof. The equation in the theorem can been written by using sum symbol as following.

" lu ou

+A00u—F(x y).

We let's use Fourier transform for above equality

ZAn kkT(a — k(’)y ) ZAn 1- 1c1c73<axnan1 1"63/ >+ o+ Ay o F (1)
=F(F(x, y))
From theorem 7 (or equality 4) we get foIIowing equality.
kU

ZAn ke (W)™ k +2An 1k iw)" 1k Ay -t

+ZA1 e (W)= +A00U F(F(x,y)).

Here U = U(w,y) is fourier transform of u(x,y).
We can write above equality as following
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. \n . n—1 ou . Nm—2 aZU ony
Ao QW)U + Ay ()7 54 A () 2 57 ) 4ot <W) +

U 02U
+Ap 10w U + 4,51 (iw)" 2 (_> + Ay_z, (iw)" 3 (_> + -

dy dy?
on1y
+ AO,n—l <W> +

4+ Ay (U + A ou
eee l —
1,0 0,1 ay

=F(F(x,y)).
A9, D"U + ((W)Ay 1 + Ao ) DU
+ (((W)?Az -2 + (WA 2 + Ag ) D" 2U

+ AO,OU =

+o ot (Ao GW)™ + Ay o (W)L + -+ Ay o (iw) + Ag ) U=
= F(F(x,y)),

9
n —
where D" = PR

[Ao,nDn + ((iW)A1,n—1 + AO,n—l) D"t + ((iw)2Ayn—2 + (iW)A1n—g + Agn_2)D™ 2
Fot (Ao (W)™ + Ap_10W)" L+ o+ Ay o (iw) + Agp)|U = F(F(x,¥)).
Therefore, solution is obtained as following
L(D) = Ao D" + (i) Ay -1 + Agp-1) D" + ()2 Az g + (i) Ar oz +
Agp—2)D" 2+
+ ot (Ao GRO™ + Ay 10 1+ - + A1 (ik) + Agyp),

F(F(x,
v =25,

u(x,y) = FHUW,y)).

4. Conclusion

Let A4, B, Cbe real constants, F = F(x,y) be a polynomial of x, y.
Then a solution of
ou

A +Bau+C =F
0x oy u=Fxy)

1 Fw,y) .
-1 ’ (Aiw +C)
ulx,y) =F le(AiWJfC)yf = w+0)y gy |
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where F(w, y) is fourier transform of F (x, y).
Example 1. Find a special solution of following equation.
U, + 2u, — 5u = 2e>* .
Solution. Fourier transform of the solution of above equation from conclusion is that

1 fZ.ZTI.’.(Y(W +5i) w-s
.e

U(x’y) =~ Tw-s 2 2 ydy:
e 2z 7

4n ]
lrw— 6(w + 5i).

Therefore

[ee]

1 an 1 iwx
u(x,y) = o m&(w + 5i).e™*dw =

= %%(eiw")(w = —5i)=
= 2x.e>* .
Example 2. Find a special solution of following equation
Uy +u, —u = 2xe”.

Solution. Fourier transform of the solution of above equation from conclusion is that

1 , .
Ulx,y) = e(lw——l)yj 4mie’ § (W).e(lw_l)ydy =

4mi
=—38 (w).e?.
iw

Therefore

u(x )=i f4—n6’(w) eV.eWrdw =
=0 ) W T

[00]

o(w )
= 2eY f—(—z).e”"’xdW=
w

) 1 az(eiwx)
= —2e 1 aw? (w=0)
= x2eY

Example 3. (Patil & Kolte, 2008) Find a special of following equation.
Upy + 16Uy, = x%y2.

Solution . From theorem coeffients of equationaren = 2, A,y = 1,411 =0, Ap, =
—1,A19 = Ap1 = Ag = 0. Therefore we can write that:
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y2.2m.i%8" (w) B y2.2m.8" (w) B
—16D2 + (iw)2 ~ 16D%2 +w?

—— 2 =
6Dz w2 @)
" 1

Ulw,y) =

=2m.8 (W)

218 (w) 16D% 256D*
=——“[1-—+

— ) (y2) =

_2m.y”, 5 (w) 64rms’ (w)

w w w?

w2 w
From inverse fourier transform
1 [ 21y%8" w) 1 [ 64ns" (w)
U(X,y) = % f T.e”"’"dw —Z j T.elwxdw =
0] 2 [0¢]
:i My—ém_eiwxdw_i M.eiwxdW=
21 w 21 wo
1 4my? 0*(e™” 1 128w 9°%(e™™
VEONE™) gy - L (™) = 0) =
2 4! ow* 2w 6! owo
B 2x4 N 4x6
12 457
Example 4. Find a special of following equation.
Uy — Uyy — 2Uyy, = (y — 1)e”.
Solution. From the theorem coefficients of equation are A,y =1, A1 = =1, Ap, =
=2, Ay g = Ap1 = Ap,o = 0. Therefore fourier transform of solution are that:
Fl(y — De*]
Uw,y) = —— ——— =
(=2D?% — iwD + (iw)?)
1
= . —[(y—1).2n.8(w+1i)] =
—w?2 (1 + 2 + ZLZ)
w w
21, 8(w + i) iD 2D?> (iD 2D%\°
=— |1+ =+ + |-D=
—w w w w w

_ 27r.6(w+i)(y_1 i> _ 2n.5(w+i).(y—1)+2n.i.6(w+i)

—w? w w2 w3

u(x,y) = FHUW,y)] = F1 [271’. Sw+).(y—-1) N 2. i.6(;/v + i)l _

w2 w
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®2mi.6(w +10)
3

e iwx dw

@ 2m.8 ). (y—1) .
L[ BAOOTD) g |
w

—Q0

w

—Q0

=(y—1e*+e* =y.e".
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