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1.       Introduction   

 

Partial differential equations are used in many areas of engineering and basic 

sciences. For example, the heat equation, on wave equation and the Laplace equation 

are some of the well-known partial differential equation used in these fields. There are 

some methods for solution of partial differential equations. Lagrange method, 

undetermined coefficients method, inverse operator method are some of the methods 

used to find special solutions of constant coefficient partial differential equation. Apart 

from these methods, partial differential equations can also be solved with Adomian 

decomposition, differential transformation, variational iteration methods (Ayaz, 2003; 

Chen & Ho, 1999; Patil & Kolte, 2015). These equations also can be solved with aid of 

integral transforms. 

Integral transform is a mapping from functions to functions that takes the 

following form 

𝑔 𝛼 =  𝑓 𝑡 . 𝐾 𝛼, 𝑡 𝑑𝑡 ,
𝑏

𝑎
        (1) 

where 𝐾 𝛼, 𝑡  is called the kernel of transform. In (1), 𝑓 𝑡  is input fuction and 𝑔 𝛼  is 

output function. Integral transforms have been used in solving many problems in 

applied mathematics, mathematical physics and engineering sciences. The best two 

known integral transforms are the Laplace transform and Fourier transform. The Fourier 

Transform, one of the gifts of Jean-Baptiste Joseph Fourier to the world of science, is an 

integral transform used in many areas of engineering. It has been very useful for 

analyzing harmonic signals or signals which are known need for local information. 

Moreover the Fourier transform analysis has also been very useful in many other areas 

such as quantum mechanics, wave motion etc. (Andrews & Shivamoggi, 1988; 

Bracewell, 1965; Bogges & Narcowich, 2009; Denbath & Bhattad, 2015; Murray 1974). 

Furthermore it has been useful in mathematics such as generalized integrals, integral 

equations, ordinary differential equations, partial differential equations can be solved by 
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using the Fourier transform (Düz, 2018). Sums of some infinite series can be calculated 

by using Fourier series. For example value of  
𝑠𝑖𝑛𝑥

𝑥
𝑑𝑥

∞

0
with Fourier transform or sum 

of   
1

𝑛2
∞
𝑛=1  which is infinite series with Fourier series can be calculated.  

Another example of its applications could be that: voice of every human can be 

expressed as the sum of sine and cosine. Since the electromagnetic spectrum of the 

frequency of each voice is different, the frequency of each sine and cosine sum will be 

different. In this way, a voice record can be found belongs to whom using the Fourier 

transform. In fact, our ear automatically runs this process instead of us (Düz, 2018). 

In this study we get a formula for a special solution   of n-th order partial 

derivative equations which have constant coefficients with the aid Fourier transform. 

The validity of the obtained formula has been seen by examples. 

 

2.   Basic Definition and Theorems 

 

Definition 1. Fourier transform of 𝑓 𝑡  

ℱ 𝑓 𝑡  =  𝑓 𝑡 . 𝑒−𝑖𝑤𝑡 𝑑𝑡
∞

−∞
                                (2) 

is defined. Since integral (2) is function of 𝑤 

ℱ 𝑓 𝑡  = 𝐹 𝑤  

is written. 

Definition 2. If ℱ 𝑓 𝑡  = 𝐹 𝑤   then 𝑓 𝑡  is called inverse Fourier transform of 

𝐹 𝑤 ; where 

𝑓 𝑡 =
1

2𝜋
 𝐹 𝑤 . 𝑒𝑖𝑤𝑡 𝑑𝑡

∞

−∞

 

and it is showed by 𝑓 𝑡 = ℱ−1 𝐹 𝑤  . 

Theorem 1. The Fourier Transform is linear,Let 𝑐1, 𝑐2 ∈ 𝑅. Then 

ℱ 𝑐1. 𝑓1 𝑡 + 𝑐2. 𝑓2 𝑡  = 𝑐1. ℱ 𝑓1 𝑡  + 𝑐2ℱ 𝑓2 𝑡   . 

Theorem 2. (Andrews and Shivamoggi, 1988) Let 𝑓 𝑡  be continuous or partly 

continuous in the interval  −∞, ∞  and 𝑓 𝑡 , 𝑓 ′ 𝑡 , 𝑓 ′′  𝑡 , … , 𝑓 𝑛−1  𝑡 → 0  for  

 𝑡 → ∞. If 𝑓 𝑡 , 𝑓 ′ 𝑡 , 𝑓 ′′  𝑡 , … , 𝑓 𝑛−1  𝑡  are absolutely integrable in the interval 
 −∞, ∞ , then 

ℱ 𝑓 𝑛  𝑡  =  𝑖𝑤 𝑛𝐹 𝑤 . 
Definition 3.  The Dirac delta function can be rigorously thought of as a function on 

real line which is zero everywhere except at the origin, where it is infinite, 

𝛿 𝑡 =  
0,      𝑡 ≠ 0

    ∞,    𝑡 = 0  .   
  

The Dirac delta function has some properties (Bracewell, 1965), that 

 𝛿 𝑡 𝑑𝑡 = 1
∞

−∞
, 

 𝑓 𝑡 . 𝛿 𝑡 − 𝑡0 𝑑𝑡 = 𝑓 𝑡0 
∞

−∞
, 

 𝑓 𝑡 . 𝛿 𝑛  𝑡 − 𝑡0 𝑑𝑡 =  −1 𝑛 . 𝑓 𝑛  𝑡0 
∞

−∞
. 
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Theorem 3. (Andrews & Shivamoggi, 1988; Bogges & Narcowich, 2009; Bracewell, 

1965) The Fourier transform of the Dirac Delta function is 1.That is ℱ 𝛿 𝑡  = 1. 

Theorem 4. (Andrews & Shivamoggi, 1988; Bogges & Narcowich, 2009) 

 𝑤 − 𝑤0 𝑛 . 𝛿 𝑛  𝑤 − 𝑤0 =  −1 𝑛 . 𝑛! 𝛿 𝑤 − 𝑤0 .                  (3) 

Here 𝛿 𝑤 − 𝑤0  is defined as following  

𝛿 𝑤 − 𝑤0 =  
0,      𝑤 ≠ 𝑤0

    ∞,    𝑤 = 𝑤0
 . 

Theorem 5. (Andrews & Shivamoggi, 1988; Bogges & Narcowich, 2009) 

 
𝛿 𝑤 − 𝑤0 𝑓 𝑤 

 𝑤 − 𝑤0 𝑛
𝑑𝑤 =

1

𝑛!

∞

−∞

𝑑𝑛𝑓 𝑤 

𝑑𝑤𝑛
 𝑤 = 𝑤0  

Proof. From Theorem 4 we know that: 

 𝑤 − 𝑤0 𝑛 . 𝛿 𝑛  𝑤 − 𝑤0 =  −1 𝑛 . 𝑛! 𝛿 𝑤 − 𝑤0  . 

Therefore we get 

 
𝛿 𝑤 − 𝑤0 𝑓 𝑤 

 𝑤 − 𝑤0 𝑛
𝑑𝑤 =

 −1 𝑛

𝑛!
 𝛿 𝑛  𝑤 − 𝑤0 𝑓 𝑤 𝑑𝑤 =

1

𝑛!

∞

−∞

∞

−∞

𝑑𝑛𝑓 𝑤 

𝑑𝑤𝑛
 𝑤 = 𝑤0  . 

 

Theorem 6. Andrews &Shivamoggi, 1988; Bogges & Narcowich, 2009; Bracewell 

1965) Fourier transforms of some functions are following 

𝑖)ℱ 1 = 2𝜋. 𝛿 𝑤  ; 

𝑖𝑖) ℱ 𝑡𝑛  = 2𝜋. 𝑖𝑛 . 𝛿 𝑛  𝑤  ; 

𝑖𝑖𝑖) ℱ 𝑦(𝑛) = (𝑖𝑤)𝑛 . ℱ 𝑦  ; 

𝑖𝑣)ℱ 𝑡𝑛 . 𝑦 = 𝑖𝑛
𝑑𝑛ℱ 𝑦 

𝑑𝑤𝑛
 ; 

𝑣)ℱ 𝑒𝑎𝑡  = 2𝜋𝛿 𝑤 + 𝑖𝑎  ; 

𝑣𝑖)𝐼𝑓 ℱ 𝑦 = 𝑌 𝑤 , 𝑡𝑕𝑎𝑛 ℱ 𝑒𝑤0 .𝑡 . 𝑓 𝑡  = 𝑌 𝑤 + 𝑖𝑤0  . 

Lemma 1. Let 𝑓(𝑥, 𝑦) be continuous or partly continuous in the interval  −∞, ∞   and 

𝑓 𝑥, 𝑦 ,
𝜕

𝜕𝑥
𝑓 𝑥, 𝑦 ,

𝜕2

𝜕𝑥2 𝑓 𝑥, 𝑦 , … ,
𝜕𝑛−1

𝜕𝑥𝑛−1 𝑓 𝑥, 𝑦 → 0 for  𝑥 → ∞.  

If  𝑓 𝑥, 𝑦 ,
𝜕

𝜕𝑥
𝑓 𝑥, 𝑦 ,

𝜕2

𝜕𝑥2 𝑓 𝑥, 𝑦 , … ,
𝜕𝑛−1

𝜕𝑥𝑛−1 𝑓 𝑥, 𝑦  are absolutely integrable in 

interval −∞, ∞ , then Fourier transforms of partial derivatives 𝑛 −th order of 𝑓 𝑥, 𝑦  

are following. 

𝑖)ℱ  
𝜕𝑛𝑓

𝜕𝑦𝑛
 =

𝜕𝑛𝐹(𝑤, 𝑦)

𝜕𝑦𝑛
 , 

𝑖𝑖) ℱ  
𝜕𝑛𝑓

𝜕𝑥𝑛
 =  𝑖𝑤 𝑛𝐹 𝑤, 𝑦  . 

Proof.  i)  ℱ  
𝜕𝑛 𝑓

𝜕𝑦𝑛  =  
𝜕𝑛 𝑓

𝜕𝑦𝑛 . 𝑒−𝑖𝑤𝑥 𝑑𝑥
∞

−∞
= 
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                          =
𝜕𝑛

𝜕𝑦𝑛
 𝑓 𝑥, 𝑦 . 𝑒−𝑖𝑤𝑥 𝑑𝑥 =

∞

−∞

𝜕𝑛𝐹(𝑤, 𝑦)

𝜕𝑦𝑛
 

𝑖𝑖) Let's do proof with induction. For 𝑛 = 1 

ℱ  
𝜕𝑓

𝜕𝑥
 =  

𝜕𝑓

𝜕𝑥

∞

−∞

𝑒−𝑖𝑤𝑥 𝑑𝑥 = 

=  lim
𝑎→−∞

lim
𝑏→−∞

𝑒−𝑖𝑤𝑥 𝑓 𝑥, 𝑦  
𝑎

𝑏

+ 𝑖𝑤  𝑓 𝑥, 𝑦 .
∞

−∞

𝑒−𝑖𝑤𝑥 𝑑𝑥 = 𝑖𝑤𝐹 𝑤, 𝑦  .  

Thus lemma is true for  𝑛 = 1. 

We assume that lemma is true for 𝑛 = 𝑚. Let’s 

ℱ  
𝜕𝑚𝑓

𝜕𝑥𝑚
 =  𝑖𝑤 𝑚𝐹 𝑤, 𝑦  . 

We must show that lemma is true n = m + 1. 

ℱ  
𝜕𝑚+1𝑓

𝜕𝑥𝑚+1
 =  

𝜕𝑚+1𝑓

𝜕𝑥𝑚+1
. 𝑒−𝑖𝑤𝑥 𝑑𝑥  .

∞

−∞

 

If we apply partial integration method than we get that 

ℱ  
𝜕𝑚+1𝑓

𝜕𝑥𝑚+1
 =    lim

𝑎→−∞
lim

𝑏→−∞
𝑒−𝑖𝑤𝑥

𝜕𝑚𝑓

𝜕𝑥𝑚
 
𝑎

𝑏

 + 𝑖𝑤  
𝜕𝑚𝑓

𝜕𝑥𝑚
. 𝑒−𝑖𝑤𝑥 𝑑𝑥

∞

−∞

 = 

           = 𝑖𝑤ℱ  
𝜕𝑚𝑓

𝜕𝑥𝑚
 = 𝑖𝑤.  𝑖𝑤 𝑚𝐹 𝑤, 𝑡 =  𝑖𝑤 𝑚+1𝐹 𝑤, 𝑦  . 

Thus proof of  𝑖𝑖) is completed. 

Theorem 7. Fourier transforms of partial derivatives (𝑛 + 𝑚).th order of 𝑓(𝑥, 𝑦)are 

following. 

ℱ  
𝜕𝑚 +𝑛 𝑓

𝜕𝑥𝑛 𝜕𝑦𝑚  =  𝑖𝑤 𝑛 𝜕𝑚

𝜕𝑦𝑚  𝐹 𝑤, 𝑦   .                                    (4) 

Proof. 

ℱ  
𝜕𝑚+𝑛𝑓

𝜕𝑥𝑛𝜕𝑦𝑚
 =  

𝜕𝑛+𝑚𝑓

𝜕𝑥𝑛𝜕𝑦𝑚
. 𝑒−𝑖𝑤𝑥 𝑑𝑥

∞

−∞

= 

 

=
𝜕𝑚

𝜕𝑦𝑚
 

𝜕𝑛𝑓

𝜕𝑥𝑛
. 𝑒−𝑖𝑤𝑥 𝑑𝑥 =

𝜕𝑚

𝜕𝑦𝑚
 ℱ  

𝜕𝑛𝑓

𝜕𝑥𝑛
 = 

∞

−∞

 

 

=
𝜕𝑚

𝜕𝑦𝑚
  𝑖𝑤 𝑛𝐹(𝑤, 𝑦) =  𝑖𝑤 𝑛

𝜕𝑚𝐹(𝑤, 𝑦)

𝜕𝑦𝑚
 . 
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3. Solution of constant coefficients partial derivative equations from n-th order 

 

Theorem 8. Let 𝐴𝑖,𝑗  are real constants  1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑛, 𝑖 + 𝑗 ≤ 𝑛 , 𝑢 = 𝑢(𝑥, 𝑦) is 

a polynomial of  𝑥, 𝑦. Then a solution of 

𝐴𝑛,0

𝜕𝑛𝑢

𝜕𝑥𝑛
+ 𝐴𝑛−1,1

𝜕𝑛𝑢

𝜕𝑥𝑛−1𝜕𝑦
+ 𝐴𝑛−2,2

𝜕𝑛𝑢

𝜕𝑥𝑛−2𝜕𝑦2
+ ⋯ + 𝐴0,𝑛

𝜕𝑛𝑢

𝜕𝑦𝑛 
+ 

+𝐴𝑛−1,0

𝜕𝑛−1𝑢

𝜕𝑥𝑛−1
+ 𝐴𝑛−2,1

𝜕𝑛−1𝑢

𝜕𝑥𝑛−2𝜕𝑦
+ 𝐴𝑛−3,2

𝜕𝑛−1𝑢

𝜕𝑥𝑛−3𝜕𝑦2
+ ⋯ + 𝐴0,𝑛−1

𝜕𝑛−1𝑢

𝜕𝑦𝑛−1
+ 

+ ⋯ + 𝐴1,0

𝜕𝑢

𝜕𝑥
+ 𝐴0,1

𝜕𝑢

𝜕𝑦
+ 𝐴0,0𝑢 = 

= 𝐹 𝑥, 𝑦  

is 

𝑢 = ℱ−1  
ℱ 𝐹 𝑥, 𝑦  

𝐿 𝐷 
  , 

where 

𝐿 𝐷 = 𝐴0,𝑛𝐷𝑛 +   𝑖𝑤 𝐴1,𝑛−1 + 𝐴0,𝑛−1 𝐷𝑛−1  

+   𝑖𝑤 2𝐴2,𝑛−2 +  𝑖𝑤 𝐴1,𝑛−2 + 𝐴0,𝑛−2 𝐷𝑛−2 + 

+ ⋯ +  𝐴𝑛,0 𝑖𝑤 𝑛 + 𝐴𝑛−1,0 𝑖𝑤 𝑛−1 + ⋯ + 𝐴1,0 𝑖𝑤 + 𝐴0,0  . 

Proof. The equation in the theorem can been written by using sum symbol as following. 

 𝐴𝑛−𝑘,𝑘

𝜕𝑛𝑢

𝜕𝑥𝑛−𝑘𝜕𝑦𝑘
+  𝐴𝑛−1−𝑘,𝑘

𝜕𝑛−1𝑢

𝜕𝑥𝑛−1−𝑘𝜕𝑦𝑘

𝑛−1

𝑘=0

+ ⋯ +  𝐴1−𝑘,𝑘

𝜕𝑢

𝜕𝑥1−𝑘𝜕𝑦𝑘

1

𝑘=0

𝑛

𝑘=0

+ 𝐴0,0𝑢 = 𝐹 𝑥, 𝑦  . 

We let's use Fourier transform for above equality 

 𝐴𝑛−𝑘,𝑘ℱ  
𝜕𝑛𝑢

𝜕𝑥𝑛−𝑘𝜕𝑦𝑘
 

𝑛

𝑘=0

+  𝐴𝑛−1−𝑘,𝑘ℱ  
𝜕𝑛−1𝑢

𝜕𝑥𝑛−1−𝑘𝜕𝑦𝑘
 

𝑛−1

𝑘=0

+ ⋯ + 𝐴0,0ℱ 𝑢 

= ℱ 𝐹 𝑥, 𝑦   . 

From theorem 7 (or equality 4) we get following equality. 

 𝐴𝑛−𝑘,𝑘(𝑖𝑤)𝑛−𝑘
𝜕𝑘𝑈

𝜕𝑦𝑘
+

𝑛

𝑘=0

 𝐴𝑛−1−𝑘,𝑘(𝑖𝑤)𝑛−1−𝑘
𝜕𝑘𝑈

𝜕𝑦𝑘

𝑛−1

𝑘=0

+ ⋯  

+  𝐴1−𝑘,𝑘 𝑖𝑤 1−𝑘
𝜕𝑘𝑈

𝜕𝑦𝑘
+ 𝐴0,0𝑈 =

1

𝑘=0

ℱ 𝐹 𝑥, 𝑦   . 

Here 𝑈 = 𝑈(𝑤, 𝑦) is fourier transform of  𝑢 𝑥, 𝑦 . 

We can write above equality as following 
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𝐴𝑛,0(𝑖𝑤)𝑛𝑈 + 𝐴𝑛−1,1(𝑖𝑤)𝑛−1
𝜕𝑈

𝜕𝑦
+ 𝐴𝑛−2,2(𝑖𝑤)𝑛−2  

𝜕2𝑈

𝜕𝑦2
 + ⋯ + 𝐴0,𝑛  

𝜕𝑛𝑈

𝜕𝑦𝑛
 + 

+𝐴𝑛−1,0 𝑖𝑤 𝑛−1𝑈 + 𝐴𝑛−2,1 𝑖𝑤 𝑛−2  
𝜕𝑈

𝜕𝑦
 + 𝐴𝑛−3,2 𝑖𝑤 𝑛−3  

𝜕2𝑈

𝜕𝑦2
 + ⋯

+ 𝐴0,𝑛−1  
𝜕𝑛−1𝑈

𝜕𝑦𝑛−1
 + 

+ ⋯ + 𝐴1,0 𝑖𝑘 𝑈 + 𝐴0,1

𝜕𝑈

𝜕𝑦
+ 𝐴0,0𝑈 = 

= ℱ(𝐹 𝑥, 𝑦 ). 

𝐴0,𝑛𝐷𝑛𝑈 +   𝑖𝑤 𝐴1,𝑛−1 + 𝐴0,𝑛−1 𝐷𝑛−1𝑈

+   𝑖𝑤 2𝐴2,𝑛−2 +  𝑖𝑤 𝐴1,𝑛−2 + 𝐴0,𝑛−2 𝐷𝑛−2𝑈 

+ ⋯ +  𝐴𝑛,0 𝑖𝑤 𝑛 + 𝐴𝑛−1,0 𝑖𝑤 𝑛−1 + ⋯ + 𝐴1,0 𝑖𝑤 + 𝐴0,0 𝑈= 

= ℱ 𝐹 𝑥, 𝑦  , 

where 𝐷𝑛 =
𝜕𝑛

𝜕𝑦𝑛 . 

 𝐴0,𝑛𝐷𝑛 +   𝑖𝑤 𝐴1,𝑛−1 + 𝐴0,𝑛−1 𝐷𝑛−1 +   𝑖𝑤 2𝐴2,𝑛−2 +  𝑖𝑤 𝐴1,𝑛−2 + 𝐴0,𝑛−2 𝐷𝑛−2   

 + ⋯ +  𝐴𝑛,0 𝑖𝑤 𝑛 + 𝐴𝑛−1,0 𝑖𝑤 𝑛−1 + ⋯ + 𝐴1,0 𝑖𝑤 + 𝐴0,0  𝑈 =  ℱ 𝐹 𝑥, 𝑦  . 

Therefore, solution is obtained as following 

𝐿 𝐷 = 𝐴0,𝑛𝐷𝑛 +   𝑖𝑘 𝐴1,𝑛−1 + 𝐴0,𝑛−1 𝐷𝑛−1 +   𝑖𝑘 2𝐴2,𝑛−2 +  𝑖𝑘 𝐴1,𝑛−2 +

𝐴0,𝑛−2 𝐷𝑛−2+ 

+ ⋯ +  𝐴𝑛,0 𝑖𝑘 𝑛 + 𝐴𝑛−1,0 𝑖𝑘 𝑛−1 + ⋯ + 𝐴1,0 𝑖𝑘 + 𝐴0,0 , 

𝑈 𝑤, 𝑦 =
ℱ(𝐹 𝑥, 𝑦 )

𝐿 𝐷 
 , 

𝑢 𝑥, 𝑦 =  ℱ−1 𝑈 𝑤, 𝑦   . 
 

4. Conclusion 
 

Let 𝐴, 𝐵, 𝐶be real constants, 𝐹 = 𝐹 𝑥, 𝑦  be a polynomial of 𝑥, 𝑦.  

Then a solution of 

𝐴
𝜕𝑢

𝜕𝑥
+ 𝐵

𝜕𝑢

𝜕𝑦
+ 𝐶𝑢 = 𝐹(𝑥, 𝑦) 

is 

𝑢 𝑥, 𝑦 = ℱ−1  
1

𝑒 𝐴𝑖𝑤 +𝐶 𝑦
 

𝐹  𝑤, 𝑦 

𝐵
𝑒 𝐴𝑖𝑤 +𝐶 𝑦𝑑𝑦  , 
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where 𝐹  𝑤, 𝑦  is fourier transform of 𝐹(𝑥, 𝑦). 

Example 1. Find a special solution of following equation. 

𝑢𝑥 + 2𝑢𝑦 − 5𝑢 = 2𝑒5𝑥  . 

Solution. Fourier transform of the solution of above equation from conclusion is that 

𝑈 𝑥, 𝑦 =
1

𝑒
𝑖𝑤 −5

2
𝑦

 
2.2𝜋. 𝛿(𝑤 + 5𝑖)

2
. 𝑒

𝑖𝑤 −5

2
𝑦𝑑𝑦 = 

=
4𝜋

𝑖𝑤 − 5
 𝛿 𝑤 + 5𝑖 . 

Therefore 

𝑢 𝑥, 𝑦 =
1

2𝜋
 

4𝜋

𝑖𝑤 − 5
𝛿 𝑤 + 5𝑖 . 𝑒𝑖𝑤𝑥 𝑑𝑤 =

∞

−∞

 

=
2

𝑖

𝜕

𝜕𝑤
 𝑒𝑖𝑤𝑥   𝑤 = −5𝑖 = 

= 2𝑥. 𝑒5𝑥  . 

Example 2. Find a special solution of following equation 

𝑢𝑥 + 𝑢𝑦 − 𝑢 = 2𝑥𝑒𝑦 . 

Solution. Fourier transform of the solution of above equation from conclusion is that 

𝑈 𝑥, 𝑦 =
1

𝑒 𝑖𝑤−1 𝑦
 4𝜋𝑖𝑒𝑦𝛿 ′ 𝑤 . 𝑒 𝑖𝑤−1 𝑦𝑑𝑦 = 

=
4𝜋𝑖

𝑖𝑤
𝛿 ′ 𝑤 . 𝑒𝑦  . 

Therefore 

𝑢 𝑥, 𝑦 =
1

2𝜋
 

4𝜋

𝑢′
𝛿 ′ 𝑤 . 𝑒𝑦 . 𝑒𝑖𝑤𝑥 𝑑𝑤

∞

−∞

= 

= 2𝑒𝑦  −
𝛿 𝑤 

𝑤2
. 𝑒𝑖𝑤𝑥 𝑑𝑤

∞

−∞

= 

= −2𝑒𝑦
1

2!

𝜕2 𝑒𝑖𝑤𝑥  

𝜕𝑤2
 𝑤 = 0 . 

= 𝑥2𝑒𝑦  

Example 3. (Patil & Kolte, 2008) Find a special of following equation. 

𝑢𝑥𝑥 + 16𝑢𝑦𝑦 = 𝑥2𝑦2. 

Solution . From theorem coeffients of equation are 𝑛 = 2,  𝐴2,0 = 1, 𝐴1,1 = 0, 𝐴0,2 =
−1, 𝐴1,0 = 𝐴0,1 = 𝐴0,0 = 0. Therefore we can write that: 
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𝑈 𝑤, 𝑦 =
𝑦2. 2𝜋. 𝑖2𝛿 ′′  𝑤 

−16𝐷2 +  𝑖𝑤 2
=

𝑦2. 2𝜋. 𝛿 ′′  𝑤 

16𝐷2 + 𝑤2
= 

= 2𝜋. 𝛿 ′′  𝑤 
1

16𝐷2 + 𝑤2
(𝑦2) = 

= 2𝜋. 𝛿 ′′  𝑤 
1

𝑤2 1+
16𝐷2

𝑤 2  
(𝑦2)= 

=
2𝜋. 𝛿 ′′  𝑤 

𝑤2
 1 −

16𝐷2

𝑤2
+

256𝐷4

𝑤4
− ⋯  (𝑦2) = 

=
2𝜋. 𝑦2. 𝛿 ′′  𝑤 

𝑤2
−

64𝜋𝛿 ′′  𝑤 

𝑤4
. 

From inverse fourier transform 

𝑢 𝑥, 𝑦 =
1

2𝜋
 

2𝜋𝑦2𝛿 ′′  𝑤 

𝑤2
. 𝑒𝑖𝑤𝑥 𝑑𝑤 −

1

2𝜋
 

64𝜋𝛿 ′′  𝑤 

𝑤4
. 𝑒𝑖𝑤𝑥 𝑑𝑤

∞

−∞

∞

−∞

= 

=
1

2𝜋
 

4𝜋𝑦2𝛿 𝑤 

𝑤4
. 𝑒𝑖𝑤𝑥 𝑑𝑤 −

1

2𝜋
 

128𝜋𝛿 𝑤 

𝑤6
. 𝑒𝑖𝑤𝑥 𝑑𝑤

∞

−∞

∞

−∞

= 

=
1

2𝜋

4𝜋𝑦2

4!

𝜕4 𝑒𝑖𝑤𝑥  

𝜕𝑤4
 𝑤 = 0 −

1

2𝜋

128𝜋

6!

𝜕6 𝑒𝑖𝑤𝑥  

𝜕𝑤6
 𝑤 = 0 = 

=
𝑦2𝑥4

12
+

4𝑥6

45
. 

Example 4. Find a special of following equation. 

𝑢𝑥𝑥 − 𝑢𝑥𝑦 − 2𝑢𝑦𝑦 =  𝑦 − 1 𝑒𝑥 . 

Solution. From the theorem coefficients of equation are 𝐴2,0 = 1,  𝐴1,1 = −1,  𝐴0,2 =

−2,  𝐴1,0 = 𝐴0,1 = 𝐴0,0 = 0. Therefore fourier transform of solution are that: 

𝑈 𝑤, 𝑦 =
ℱ  𝑦 − 1 𝑒𝑥 

 −2𝐷2 − 𝑖𝑤𝐷 +  𝑖𝑤 2 
= 

=
1

−𝑤2  1 +
𝑖𝐷

𝑤
+

2𝐷2

𝑤2  
  𝑦 − 1 . 2𝜋. 𝛿 𝑤 + 𝑖  = 

=
2𝜋. 𝛿 𝑤 + 𝑖 

−𝑤2
 1 −

𝑖𝐷

𝑤
−

2𝐷2

𝑤2
+  

𝑖𝐷

𝑤
+

2𝐷2

𝑤2
 

2

+ ⋯   𝑦 − 1 = 

=
2𝜋. 𝛿 𝑤 + 𝑖 

−𝑤2
 𝑦 − 1 −

𝑖

𝑤
 =

2𝜋. 𝛿 𝑤 + 𝑖 .  𝑦 − 1 

𝑤2
+

2𝜋. 𝑖. 𝛿 𝑤 + 𝑖 

𝑤3
 . 

𝑢 𝑥, 𝑦 =  ℱ−1 𝑈 𝑤, 𝑦  = ℱ−1  
2𝜋. 𝛿 𝑤 + 𝑖 .  𝑦 − 1 

𝑤2
+

2𝜋. 𝑖. 𝛿 𝑤 + 𝑖 

𝑤3
 = 
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=  
2𝜋. 𝛿 𝑤 + 𝑖 .  𝑦 − 1 

𝑤2

∞

−∞

. 𝑒𝑖𝑤𝑥 𝑑𝑤 +  
2𝜋. 𝑖. 𝛿 𝑤 + 𝑖 

𝑤3
𝑒𝑖𝑤𝑥 𝑑𝑤

∞

−∞

 

                   =  𝑦 − 1 𝑒𝑥 + 𝑒𝑥 = 𝑦. 𝑒𝑥 . 
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