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1.       Introduction  

 

As is known the real processes contain information about their behavior in the 

past and are described by delay differential equations (Hale, 1977; Kharatishvili & 

Tadumadze, 2000). To illustrate this, below we will consider a simplest model of the 

flying apparatus. Let a flying apparatus be controlled at the process of flight by radio 

signal )(tu . A radio signal, as a rule, is weak, because it is necessary its transformation 

and intensification. For this need a defined time . The number    is the so-called delay 

and its quantity depends on transforming equipment, which is placed on the flying 

object. A simplified classical mathematical model corresponding to this situation is the 

following system of differential equations 









).()(

),()(

tuypM

tyxpL 

 
Here )( pL and )(pM  are given linear differential operators with constant coefficients; 

first equation describes movement of the flying apparatus and )(ty is transformed signal, 

which is worked out by the second system. 

Linear representation of the main part of the increment of a solution with respect 

to perturbations of the initial data of a differential equation is called the variation 

formula of solution (variation formula). In this paper, the essential novelty is that here 

the variation formula is proved when simultaneously occurs perturbations of the initial 

moment and delays as well as in the phase coordinates and controls. The term "variation 

formula of solution" has been introduced by R.V. Gamkrelidze and proved in 

(Gamkrelidze, 1978) for the ordinary differential equation. The effects of perturbation 
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of the initial moment and the discontinuous initial condition in the variation formulas 

for the first time were revealed in (Tadumadze, 2000) for the delay differential equation. 

The variation formula plays a basic role in proving the necessary conditions of 

optimality (Gamkrelidze, 1978; Kharatishvili & Tadumadze, 2007; Tadumadze, 2017) 

and in the sensitivity analysis of mathematical models (Marchuk, 1994). Moreover, the 

variation formula allows one to construct an approximate solution of the perturbed 

equation. 

In the present work for the controlled delay differential equation 

))(),(),(),(,()(   tututxtxtftx  
with the continuous initial condition the variation formulas are proved. The continuity 

of the initial condition means that the values of the initial function and the trajectory 

always coincide at the initial moment. The variation formulas for various classes of 

controlled delay differential equations without delay in controls are derived in 

(Tadumadze & Alkhazishvili, 2004; Tadumadze & Nachaoui, 2011). 

 

2.     Formulation  of the main result  

 

Let ],[ baI   
be a finite interval and let 210   ,  210    

be given 

numbers; suppose that nRO  and nRU  are open sets. Let the n -dimensional 

function ),,,,( 11 uuxxtf  
be continuous and bounded on 22 UOI   and continuously 

differentiable with respect to 11 ,,, uuxx . Let  and   be sets of continuously 

differentiable functions ObI  ],ˆ[: 1   and UbIu  ],ˆ[: 2  , respectively, where 

2
ˆ   a  

and 
2

ˆ   a . 

To each element  ],[],[),[),,,,( 21210  baut
 
we assign 

the delay controlled differential equation 
                               ))(),(),(),(,()(   tututxtxtftx                                        

(1)        

with the continuous initial condition 

                                            
],ˆ[),()( 0ttttx   .                                                           (2) 

Definition 1. Let .),,,,( 0  ut 
 
A  function  ],ˆ[,);()( 1ttOtxtx   , 

],,( 01 btt 
 
is called a solution of equation (1) with the initial condition (2) or a solution 

corresponding to the element   and defined on the interval ],ˆ[ 1t
 

if it satisfies 

condition (2) and  is continuously differentiable on the interval ],[ 10 tt
 
and satisfies 

equation (1)  on  ],[ 10 tt . 

Let  ),,,,( 0000000 ut  be a fixed element and let )(0 tx
 
be the solution 

corresponding to the element 0  
and defined on the interval ],ˆ[ 10t , where 

).,(),,(,),,(, 21021010001000   ttbatt  

Let us introduce the set of variation: 

 ,),(,),(,),(:),,,,( 0210210000   tbatutV  

,,1,,,,,, 0

11 



 


kituu ii

k

i
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k

i

i   

where  ),(:),( 0000000 batttttba  
 
and 0  is a fixed number. 
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   There exist numbers 01   and 01  such that for arbitrary V ),0(),( 1 we 

have 0 and a solution );( 0  tx defined on the interval 1110 ],ˆ[ It 
 

corresponds to it ( see Tadumadze, 2017, p.17, Theorem 1.4). 

 Due to the uniqueness, the solution );( 0tx is a continuation of the solution )(0 tx on 

the interval ],ˆ[ 110  t . Therefore in the sequel the solution )(0 tx  is assumed to be 

defined on the interval  ],ˆ[ 110  t . 

Let us define the increment of the solution );()( 00 txtx   

 

.),0(],ˆ[),,(),();();()( 111000 Vtttxtxtxtx      (3) 

 

Theorem 1. For each ),(ˆ
10000 ttt  there exist numbers ),0( 12    and ),0( 12    

such that for arbitrary  Vttt  ),0(],ˆ[),,( 22100 
 
 we have  

 

);();();(  totxtx  ,                                           (4) 

 

where );(  tx  on ],ˆ[ 2100 tt has the form 

   













   dxftYttfttttYtx x

t

t

)(][);(][)()();();( 000000000000 1

00

  















 






dftYduftY x

t

t

u

t

t

)(][);()(][);( 0000 1

00

000

1

00

  

  ;)(][)(][);( 01

00

 dufuftY uu

t

t

 
                                       

(5) 

furthermore, );( tY   is the nn -matrix function satisfying the equation 

);();( tYtY   ],[],[);(][ 0000 1
ttftYf xx  

                
(6) 

and the condition 










.,

,,
);(

tfor

tfor
tY






                                                  

(7) 

Here  )),(),(),(),(,(][ 000000   tututxtxtftf H  is the identity matrix and    is 

the zero matrix;   

0
);(

lim
0


 





to

 
uniformly for   Vttt ],[),( 21000  . 

Some comments. The function );(  tx  is called the first variation of the 

solution ],ˆ[),( 21000  ttttx  and the expression (5) is called the variation formula. 

The expression   00000000 ][)();( ttftttY  
 
in formula (5) is the effect of the 

continuous initial condition (2) and perturbation of the initial moment .00t  

The addend 















  dxftY

t

t

x )(][);( 00

00

1
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in formula (5) is the effect of perturbation of the delay .0  

The expression 















  duftY

t

t

u )(][);( 00

00

1
  

in formula (5) is the effect of perturbation of the delay .0  

The expression 




dftYtttY x

t

t

)(][);()();( 000000 1

000

 


 

in formula (5) is the effect of perturbation of the initial function ).(0 t  

The expression 

   dufuftY uu

t

t

)(][)(][);( 01

00

  

in formula (5) is the effect of perturbation of the controlled function ).(0 tu  

For the linear equation 

 

)()()()()()()()()(   tutDtutCtxtBtxtAtx  

formula (5) has the form 

 

  )()()()()([)();();( 000000000000000000  ttBtxtAttttYtx   

000000000000 )]()()()( ttutDtutC  













   dxBtY

t

t

)()();( 00

00

  















 






dBtYduDtY

t

t

t

t

)()();()()();( 0000

00

00000

  

  .)()()()();( 0

00

 duDuCtY

t

t

   

 

3. Auxiliary assertions 

 

Lemma 1. There exist numbers ),0( 1  and ),0( 12    such that  

)()(max
],ˆ[ 210




Otx
tt




                                                (8) 

for arbitrary ,),0(),( 2

 V  

where  0: 0  tVV   and  )(/)(lim
0




gO 
  

uniformly for V  and 

)(g  is bounded  on .V  

Moreover, 

   )(][)()()( 0000000000  ottftttx   .                         (9) 

 



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.3, N.1, 2018 

 

 
34 

 

Lemma 2. There exist numbers ),0( 1  and ),0( 12    such that the inequality (8) 

is valid for arbitrary ,),0(),( 2

 V where   0: 0  tVV  . Moreover, 

   )(][)()()( 000000000  ottftttx   .            

Lemmas 1 and 2 can be proved in analogy to Lemma 2.4 (Tadumadze & Alkhazishvili, 

2004). 

 

4. Proof of  Theorem 1 

 

Let  00 t  then the function )(tx satisfies the equation 

 



)(][)(][

)(][)(][][],[)(

0

00

1

1





tutftutf

txtftxtftfxxtftx

uu

xx


 

 )(][ 001
 tutfu

 );( tr                                                          (10)                                                                                        

on the interval  ],[ 21000 tt ,  where 

 



)(][)(][

)(][)(][][],[);(

0

00

1

1





tutftutf

txtftxtftfxxtftr

uu

xx
 

 )(][ 001
 tutfu

  ,                                                                         (11) 

))(),(),()(),()(,(],[ 000   tututxtxtxtxtfxxtf , ,0    

),()()( 0 tututu  .0    

By using the Cauchy formula, one can represent the solution of equation (10) in the 

form 

  






1

0

000

0000

)(][)(][)(][);(

)();()(

11

00
p

puuu

t

t

RdufufuftY

txttYtx

 

     

  (12)

 
where 




dxftYttRR x

t

t

)(][);(),;( 000000 1

00

000

 


 ,                       (13) 




drtYttRR

t

t

);();(),;(
00

000

0011 


 ;                             (14) 

and );( tY   is the matrix function satisfying equation(6) and condition (7). The function 

);( tY   is continuous on the set  ],[,:),( 2100000   tttttt  by Lemma 2.6 in 

(Tadumadze, 2017, p.32). Therefore, 

   );(][)()();()();( 00000000000000  tottfttttYtxttY  
       

(15) 

(see (9)), where  )();();( 00  ottYto  . 

 One can readily see that 

0R  





dxftYdftY x

t

t

x

t

t

)(][);()(][);( 0000 1

00

0

1

0

000

 

);()(][);( 00 1

00

000




todftY x

t

t

 


.                            (16) 
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 (see (13), (3),(8)). 

We introduce the notations: 

)),()()(()(),()(,(],;[ 000000   txtxtxstxtxstxtfstf  

)));()()(()(),()( 000000   tututustutustu  

],[],;[),;( tfstfst xx   ],[],;[),;(
11 tfstfst xx    

],[],;[),;( tfstfst uu   ].[],;[),;(
111 tfstfst uu    

It is easy to see that  

    )(],;[)(],;[],;[][],[ 0

1

0

1

0

0 1
 txstftxstfdsstf

ds

d
tfxxtf xx  

   )()(],;[)(],;[)()( 00000 1
 tutustftustftxtx uu  

dstu )(    
















  )()(),;()(),;( 000

1

0

1

1

0

 txtxdssttxdsst  

 )( tx 







 )(),;(

1

0

tudsst 

 







 )()()(),;( 000

1

0

1  tututudsst  

 

   )(][)()()(][)(][ 0001
tutftxtxtxtftxtf uxx   

 

 .)()()(][ 0001
  tutututfu  

 

By taking account of last relation for ],[ 21000  ttt
 
we have 

 























  )()(),;()(),;();( 000

1

0

1

1

0

1

00

 xxdssxdsstYR

t

t

 

 
















  )()(),;()(),;()( 000

1

0

1

1

0

 uudssudssx  

    )(][)()()(][)(][)( 0001
 ufxxxfxfu uxx  

   )(][)(][)(][)()()(][ 0000 11
 ufxfxfuuuf uxxu

  ,)()(][
8

2

0001 



p

pu Rduuf    

where 

;),;();(ˆ,)();(ˆ);(

1

0

2

00

dssdxtYR

t

t

    

  ,)()()();(ˆ);( 00013

00

 dxxxtYR

t

t

   

;),;(ˆ),();(ˆ);(;),;(ˆ
1

0

1

0

4

1

0

11  dsutYRdss    
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    ;)()(][);(;)()(][);( 060005

00

1

00

1
 dxxftYRdxxftYR

t

t

x

t

t

x  

  ;),;(ˆ,)()()();(ˆ);(

1

0

1100017

00

dssduuuttYR

t

t

    

   duuuuuftYR u

t

t

))()(()()()(][);( 0000008 1

00

  

 (see (14)). The function  )(0 tx  is continuously differentiable on    2100000 ,,ˆ   ttt , 

therefore for each fixed    21000000000 ,,   tttt  we get 

);()()()()( 0000000 




 


xdxxx  ,            (17) 

where 

0
);(

lim
0


 



  
uniformly for  V .                                     (18) 

From (17) it follows 

)()()( 000  Oxx 
 
and  constC 



 );(
,                      (19) 

 ),,( t      Vtttt ),0(,, 121000000000  . 

It is clear that 










],,[);(

],,[);(
)()(

21

100

0





forO

tforo
xx

                      

(20) 

where  00001 ,min   tt  and   000002 ,max   tt . 

Let  2102,   t  then  00t
 
and  000 t ,  therefore  

                 

 


















00

][),()()()( 0

.

0 dttfxxtfdttxxx  

  );(],[:][),(sup 210000  ottttfxxtf  .                   (21) 

According to (17)-(21) for the expressions 

);(876432 toRRRRRR   

and 
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t

x

t

t
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00
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00

1

);(
][);()(][);( 005 




   

);()(][);(

00

1 00  todxftY

t

t
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   . 

Thus, 

1R );()(][);(

00

1 00  todxftY
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t
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   .                 (22) 
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From (12) by virtue of (13) and (22) we conclude that for a fixed  ),(ˆ
10000 ttt   and for 

each  V),0(),( 2 the formula (4) is valid on the interval ],ˆ[ 2100 tt , where 

);(  tx  has the form (5). 

Let  00 t  and let  ),(ˆ
10000 ttt 

 
be a fixed point, and let  ),0( 1   be so small 

that
00 t̂t 
 
for arbitrary  V),0(),( 2 . The function )(tx satisfies equation (10) 

on the interval  ],[ 2100 tt ; therefore we can represent it in the form 

     dufufuftYtxttYtx uuu

t

t

)(][)(][)(][);()();()( 00000 11

0



),;( 0

1

0

ttR
p

p


 .                                                  (23) 

The matrix function );( tY   is continuous on ],ˆ[)ˆ,( 2100000  tttt ; therefore  on the 

interval ],ˆ[ 2100 tt  is valid 

   );(][)()();()();( 000000000000  tottfttttYtxttY    

 (see Lemma 2). 

In a similar way, with nonessential changes, for ],ˆ[ 2100  ttt
 
one can prove 

                     
),;( 00 ttR );()(][);(

00

1 00  todxftY

t

t

x 













    

and 

                       

);()(][);(),;(

00

1 0001  todxftYttR

t

t

x 













   . 

Finally, we note that 

    dufufuftY uuu

t

t

)(][)(][)(][);( 000 11

0

  

  );()(][)(][)(][);( 000 11

00

 todufufuftY uuu

t

t

   . 

From (23) on the basis of last relations we conclude that for each  V),0(),( 2  

formula(4) is valid on ],ˆ[ 2100 tt , where  );(  tx  has the form  (5). Theorem 1 is 

proved. 

 

5. Conclusion 
 

The formulas (4) and (5) can be used under investigation of delay optimization 

problems, namely in proving the necessary conditions for optimality of delays and  . 

Moreover, they allow one to find analytical relations between of solutions of the initial 

and perturbed equations (sensitivity analysis of models) and to construct an approximate 

solution of the perturbed equation. 
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