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Abstract. This paper investigates some novel exact analytical solutions, including soliton wave, periodic wave,
singular, and kink-singular wave solutions for the fractional Whitham-Broer-Kaup and generalized Hirota-Satsuma
coupled KdV equations. Firstly, the related equations are well established by the space—time fractional models.
Secondly, two types of wave solutions for the nonlinear fractional equations are obtained by utilizing the transfor-
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1 Introduction

Up to now, scientists and researchers in general utilize the analytical methods for the purpose of
solving nonlinear PDEs and obtain the exact solutions (Mammadov, 2014; Manafian & Heidari,
2019), fractional solutions (Dehghan et al., 2010a, 2010b), the tan(¢/2)-expansion method
(Lakestani & Manafian, 2018; Ilhan et al., 2018), Sine-Gordon expansion method (Korkmaz
et al., 2020; Rezazadeh et al., 2019), lump solutions (Manafian et al., 2020; Ilhan et al., 2019),
and others He et al. (2012); Dehghan et al. (2011). The main idea here is that we transform
the original variables into new ones, therefore simplify the analysis so that the soliton solutions
in these new variables become easy to reach. For example, the (1+1)-dimensional fractional
Whitham-Broer-Kaup (FWBK) equation is considered as

D%u + uD%u + D% + fD2*u =0, 0 < a <1, (1)

D%v + D% (uv) — SD2%v 4+ D3 = 0,

u(z, t) is the field of horizontal velocity, v(x,t) is the height deviating from equilibrium position
of liquid, 8 and =y are real constants that represent different diffusion powers. If « = 1, Egs. (1)
is the generalization of the Whitham-Broer-Kaup equations, which can be used to describe the
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dispersive long wave in shallow water (Mohebbi et al., 2012; Wang et al., 2012, 2014). Also, in
our work, we introduce the fractional generalized Hirota-Satsuma coupled KdV (FgHSCKdV)
equations (Meng, 2013) as below

1
D¢y — 5D_:?jf)‘u + 3uD%u — 3D (vw) = 0, (2)

D¢+ D3%y — 3uD% = 0,
D¢w + D3%w — 3uD%w = 0.

Fractional calculus has applications in many scientific disciplines based on mathematical mod-
elling including signal and image processing, physics, aerodynamics, chemistry, economics,
electrodynamics, polymer rheology, economics, biophysics, control theory (Kilbas et al., 2006;
Miller & Ross, 1993; Podlubny, 1999).

To our knowledge, few studies have been done to solve nonlinear PDEs based on the general-
ized (G’/G)-expansion method (gG’/GEM) (Yokus et al., 2020; Foroutan et al., 2018). However,
the new nonlinear Riccati equations nonlinear terms will still incur a lot of computation and are
yet to be fixed. Therefore, we embark on the new research topic of constructing the analytic
solutions of nonlinear fractional PDEs by exploring the generalized (G’/G)-expansion method.
According to recent studies, we can obtain some of the new exact analytic solutions of non-
linear PDEs or fractional PDEs by way of constructing their corresponding nonlinear ordinary
differential equations.

The rest of the paper is in the following organization: Section 2 gives the generalized (G’/G)-
expansion method. The soliton wave, periodic wave, singular, and kink-singular wave solutions
are constructed in section 3 for FWBK and FgHSCKdV equations. At last, we conclude our
work in section 4.

2 The gG’/GEM

The gG’/GEM was summarized and improved for achieving the analytic solutions of NLPDEs.
Step 1. Assume a nonlinear fractional partial differential equation is given in general form as
follows

K(u, Dfu, DSu,...) =0, 0<a<1, (3)

where Df*u and DSu are the fractional derivatives and K is a polynomial. After simple algebraic
operations, this equation is transformed into an ordinary differential equation (ODE) with the
below transformation

kx® ct

gZF(a—i—l)_F(a—i-l)’ 4)

then one gets
O(u, —cu' k', ...) = 0. (5)

Moreover, here we list some important properties for the modified Riemann-Liouville deriva-
tive as follows:

(1) D[f(t)g(t)] = f(£)Dg(t) + g(t) D f(2),
(2) D[f(g(t))] = fo(g())Dg(2),

(3) D*[f(g(t))] = Dg f(g)lg' ()],

(4) Dft7 = pritlser=e, 4 >0,

(I+a—y
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where I' denotes the Gamma function.
Step 2. Then, assume that the searched wave solutions of Eq. (5) have the following represen-
tation

n n

u(€) =R(0(9) =D Ai(p+0()) + D Bi(p+6(9))™", (6)
i=0 i=1
where, 4;(0 < i < n) are constants to be determined, such that A, # 0, B, # 0 and (§) =
G'(£)/G (&) is the solution of the following second order differential equation:

E1GG" — kGG — k3(G')? — kyG? = 0. (7)

If we try to find the solution of the (7), then we obtain special solutions that vary according to

the state of the coefficients:

Family 1: When ky # 0, 7 = k; — k3 and s = k3 + 4ks(ky — k3) > 0, then 0(¢) =
\fC1smh<2k §)+Czcosh( f&

QT 2r Cwosh( f{) +Cgsznh(

Family 2: When ky # 0, 7 = k; — k3 and s = k3 + 4ks(ky — k3) < 0, then 0(¢)

V=5 Clszn(% f)-{—Cgcos \2/,:715$>

2r Clcos(% §)+Czszn( k_lsé') '

N—N—

/\

k:2_|_

Family 3: When ky # 0, 7 = ki — ks and s = k3 + 4k4 (k1 — k3) = 0, then 6(&) = 52 + 01+C’2£
Csinh(¥¢)+ Czcosh(f£>
Family 4: When ky = 0, r = kj—k3 and ¢ = k4 > 0, then 6 Ve b
amily €en Ko s T 1 3 and g = Tky , then (f) r C’wosh(%fé) sznh<\f5>
Family 5: When ks — 0, r — k1—kg and ¢ = rky < 0, then () = Y1 _ =" 1) +Caeos (7€)
y o: 2 = Uy " = ~Rh1 3 q= 4 9 01008<\/,€T )+Cgszn( ) .

C1k3 exp( ’iz 5)
rk1+Crkuks exp( 72¢)
Family 7: When ky #0 and r = k; — k3 =0 then 6(¢) = —Z—;‘ + C exp <%§) , where C1, Co
are the integration constants and A;(0 < j <), B;j(1 < j <n), ki,k2, k3 and k4 are also the
constants to be explored later. As usual, for determining 7, the highest order derivative should
be balanced with the highest order nonlinear terms in Eq. (6). However, the positive integer n
can be determined in this way.
Step 3. Following these operations, according to the m value obtained above, let substitute (7)
into Eq. (6). Therefore we obtain a set of algebraic equations that contains 6°(£), (s = 0, 1,2, ...).
Then setting each coefficients of 0°(§) to zero, we can get a set of over-determined equations
for Ao, A1, B, ..., Ay, By, k1, ko, k3, and k4. Since obtained algebraic equations system will be
difficult to solve manually, symbolic computation as Maple can be used at this stage. Assume
the estimation of the constants can be gotten by fathoming the mathematical conditions got
in step 2. Substituting the estimations of the constants together with the arrangements of Eq.
(7), we will acquire new and far reaching precise traveling wave arrangements of the nonlinear
development Eq. (3).

Family 6: When ky =0 and r = k; — k3 , then 6(¢) =

3 Method Test

To continue, we test the method for two nonlinear fractional PDEs.

3.1 The FWBK equations
By utilizing the following transformation

kz® ct®
Ia+1) T(a+1)

&=
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then, Eq. (1) are transformed to
koo 21
—cu—|—§u + kv + Bk*u’ =0, (9)

—cv + k(uw) — BE* + vk = 0,

where Eq. (9) received by integrating respect to £ and also the amount of integration is consid-
ered zero The balance number will be obtained n = 1 by using the balance principle between
v’ and u?. Similarly, by considering the homogeneous balance between u” and uv in Eq. (9) we
obtain

n+2=n+9, =9 =2 (10)

Then, the exact solutions are given as

Dr Do

_ 2
v(€) =Eo+E (p+0)+Ex(p+0) +p+0+(p+9)2.

u=Ag+A(p+0)+

B
11
+0 (11)

Substituting (11) into Eq. (9) and by utilizing the Maple 18, the below results will be reached
as:

Option I:
Ak A%k /K2 — k3k
p=-—— = 1m7 A=A, Bi=0, D=0, Dy=0, (12)
ks/B2 + 7 4R/ B2 +
B kyA2s koA2s A2s
b O) z + /752 +’ya 0 2]€3 ) 1 2k3 ) 2 2 ) ( 3)

Ap = ;{; <k2 + m> u(€) = Ag+ A18(8), () = Eg + E1®(€) + E,®%(¢),

where ki, ko, k3,7 are free amounts. According to Family 1 (if C; = 0 but Cs # 0; C; # 0 but
Cy = 0), respectively, will be get

u1, (§) = ;63 <kz +/k5 — 4k3k4> + A ];2 + \2[ <2\£§>] (14)

. /{?414%2’ ]CQA%Z kg \[ \[ A%Z kg \[ \[ 2
&) = =5 T ok { T <2k1£>_ 2{ BT (2/&)]’

2r 2r 2r 2r
A [k
up, (§) = 2];3 <k2 + /K2 — 4k3k4> + A i + \Q/Et (5@5)] (15)

7}12(5):_19414%2_143214%2 [I@Jr\f <\f€> _A[k2+\[ <\f§>]2.

2ks 2ks  |[2r @ 2r 2k, 2 |2r 2 2k,
According to Family 2 (if C; = 0 but Cy # 0; Cy # 0 but Cy = 0), respectively, one get

up, (&) = 22 <k2 + /K2 — 4k3k4> 1+ A [gi \g?cot (ﬁg)] : (16)

k4A%z sz ko V— Vv —s A%z ko /—s v/ —s 2
% cot 13 + cot 13 ,
2ks 2ks | 2r 2r 2k, 2k,

2r 2r
Uiy, (5) 2/2;3 <l€2 —+ 1//{2 4k3]€4> + A |:k724 — \/Q?tcm <\g]?18£>:| , (17)
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Figure 1: Plots of (a) and (b) real amounts and (c) and (d) imaginary amounts of Eq. (14) with
providing amounts A; = 3,k1 =2,ko =2, ks =1,ks=1,0=2,7v=2,a=0.9.
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Figure 2: Plots of (e) and (f) real amounts and (g) and (h) imaginary amounts of Eq. (14) with
providing amounts Ay =3,ky =2, ko =2, k3 =1, ks =1,6=2,7=2,a=0.9.
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2
A%z

2

U1y (5) = -

ks 2ks |2r 2r 2%k 2% 2 2k,

Based on the Family 3, become

wsl€) = gyt (oot /3 = akahe) 40 [ 32+ 552, (13)

. (6)__k4A%z_k2A%z ky Gy Ak cy, 1?
L3S ™ T ok 2ks |2r " Cy + Caf 2 C1 + ¢

According to Family 4 (if C1 = 0 but Cy # 0; C1 # 0 but Cy = 0), respectively, one become

k4A%Z kQA%Z k?g \/?S \/?S kg \/?S \/?S
— [ tan ( 5) tan < £>

“kaks A kyA22 A2

gl = A B o (VI6) () = <R - Do (YIe), )
A/ —dhsk; A A2z A2

ur (€) = 2 o 8t 1r\/§tanh <*k/1ag) o1 (€) = — 42 k;Z _ ;rqjmnh? <\]f§> (20)

Based on the Family 5 (if C; = 0 but Cy # 0; C1 # 0 but Cy = 0), respectively, will be reached
as

—ksk A ky A2 A2 —

ol = AR AVELy (VEIE) () = B A e (V) oy
A/ —ksk Aj/— V- ky A2 A2 V-

iy (€) = TR Y qtan( qus), 01y(6) =~ 2;%Ztan2< ,ﬁqs). (22)

By using of the (13) and Family 6 we get

9 T2
Ale A101k26 k1

ullo(g) = L —kp
3 Tk:l + Cik1kge 1
k3 A2z ;1625 ;’“25 2 (23)
oy M A2 | CiRge™
3 1
V1,4 (§) = — ;’“25_ ko g
rki1 + Crk1koe *1 rki1 + Crki1koe F1

According to Family 7, one get

A k k
uy, (€) = 2];3 <k2 + /K2 — 4k3k4> + A [—k;* + Cy exp (kjgﬂ , (24)

k A2z kg A2? k k A2 k ky 2

2ks 2ks ko k1 2 ko
— B _ 1 Alk]_ o A%kl Vv k%—k3k4 «
Whe(r)e °T 1:1\/627+7 and & = riagy <2k3\/ﬁ2+vx 4k2\/BP+y &)
ption II:
Ak ARk R
- 2 7 - 2 2 9 1 — 1
kv 2V2k3/B? + . (25)
2 R
B = 2 (4k3k4 k3), D1=0, p= ST
Fo— 0. D, AT+ 16K5k — Skkiky) ( B 1)
A7 s
E = O Ey = 14+ —
2 < VB4
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— Bl
Ay = fk3\/4k3k‘4 k3, u(é) _A0+A1(p+9(£))+p+0(£)7

— 2 Dy
€)= Balp + 00 + i

where kq, ko, k3,7 are free amounts. According to Family 1 (if C; = 0 but Cs # 0; C7 # 0 but
Cy = 0), respectively, will be reached as

— /5 /s i (hksky — k)
un(é) = \fk?:a thake =k A [Ql T oth <2k1 €>] [91 + %coth (ﬁé)] -

vz, (§) = A (1 + ﬁ) [Ql Y5 ot <\[£>r+

2 A /ﬁ2 + y 2r 2k'1
A2(k3+16k2k3 —8ksk3ks) B 1
32k3 N

_l’_

)

[Ql + Yocoth (%g)} :
sy (€) = A1 [akks — k2 + A [Q Y anh <‘/§g)] + ity (Hhahs — K9 (28)
T VR VT T 2k1 [+ Ltann (35€)]

vay(€) = — A1 (1 4 5) [Ql + Y anh (‘[g>r+

2 A /52 + ¥ 2r 2k1
A2(k3+16k2k3 —8ksk3ka) b1
32k3 N/

_l’_

[Q1+\ftanh<\[£>}

where ; = ng + gi Via Family 2 (if C; = 0 but Cy # 0; C; # 0 but Cy = 0), respectively,
one get
2
e - i (ks — k3)
U2, (f) 4ksky — k‘2 + A [Ql + cot ¢ + , (29)
2 2 —s
7 TN o e (35
A? V= (V=5 )\1?
g, (€) = =L 1+L [Ql+scot< Sf)] +
2 NG 21 2k,
A2 (k5+16k3k2—8ksk2ky) B 1
32k} B4y

+

[Ql—krcot( 15)}2 ’

ug, (§) = fkgx/4k3k4 —k3+ Ay {91 \/27tan <\/; ﬂ + [ 4k2\£éikiii <\]j2§>] (30)

0
_ A 8 F v=s )\
A2 (k5+16k3k2 —8ksk2ky) ( ,3 1)
32k3
o ()]
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where Q) = % =+ ’2“2 According to Family 3, one get
ky K C kz b (4kaks — k3)
ua, (€) = Ay — K2 + Ay [2 - ] ; e
\f 2ks Ch + C3¢ [Qk + 7262 +z +C 5}
3 I8 1 >

) A3 (k3 —4k3ka)? < B
A? ky Kk C 32k A2+
1)25(5):—21(14—/85 >{2k2 + 2+C’+ZC§] + ’ . \/07 .
1/ 3 1 2
+ " |:2k3 + 2?‘ + Cl+202£:|
Based on the Family 4 (if C; = 0 but Cy # 0; Cy # 0 but Cy = 0), respectively, one become

A1V Vi Ayr
m&)v%s%w+m< Q+

Va
ko 4k§f(4k sk — k2)tanh ( " f) , (32)
A? 1212 3
v6(€) = — 2;3 ( ) coth? ( 2qkz24 ( 52 ) tanh? (f{)
ug, (&) = \/f} " 4ksky ( > 4;1\;(4k3k4 k3) coth < )
3
2 2
v2,(§) = —;1;2(1 (1 + ) tanh? ( > 2qk:2k4 ( ﬁf ) coth? (ff)

According to Family 5 (1f Cy =0 but Cy # 0; Cy # 0 but Cy = 0), respectively, one get

A —
U, (€) = Aksky + Fcot (\/1;5> + 4k§\1;_7q(4k3k4 — k3) tan <g5> . (34)
_ Afq B 2 (V=a,\ A’k s o (V=1
’028(5) - W (1 -+ m) cot < kl §> - qu% (\/ﬁ — 1) tan ( f) s
Ay

/ A1y/—q \/jq Agr 2 \/Tq
U29(£) \f . dksky — T‘tan< i f) _4k§\/?q(4k3k4_k2)COt< i

_ Al 8 2 (V=4 Ak (B 2 (V=4
U29(€) - ﬁ <]. + m) tan < k?l f) - 2qk§ \/BQTV — 1] cot ( €> .

Based on the Family 6, on become

Ay
V2k3

§), (35

u2,,(§) = \fk —k3+ Ay [;]j + 51] S | ok , (36)
: v [eE]
2 e (A= 1)
Af I} ko 3 B2+
S [ )
v210(£) 5 < + Wufy) [2k3+ 1} ++ [’“—2+:1r ,
2%z T =
A1C1k3 exp( 22
where =1 = i p( kl_? . Via Family 7 the below result will be reached as
k1 +Ch k1 ko exp(k—fg)
Aq 2
k k k —2(4k3k4 —k3)
= a1 %m@+&bé—£+am{égyw@ b+ Oy o (26)]
2k ko T V1EXP <1? )}
(37)

135



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.6, N.2, 2021

0 0 -
t 0 -100¢ =100 -50 0 50 100

Figure 3: Plots of (i) and (j) real amounts and (k) and (1) imaginary amounts of Eq. (15) with
providing amounts Ay = 3,k1 =2,ko =2,ks =1, ks =1,=2,7=2,a=0.9.
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Figure 4: Plots of (m) and (n) real amounts and (o) and (p) imaginary amounts of Eq. (15) with
providing amounts A; = 3,k1 =2,ks =2,ks=1,ky=1,0=2,7v=2,a=0.9.
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A p ky  ka ko
= |14+ |=-= =
v (8= ( T ) ok ke TP (kl 5> i
A?(k3+16k2k2 —8ksk3ks) B 1
32k} /324~

_|_

k 2 ’
[~ R Crew (126))
2 2
where & = (a1+1 < Atkr o ATk1y/k3ks—k3 toz>.

2ks/ B2+ 2V2k3/ B2+~
Option III:
_ Ak _ A%kl k3 —ksks _
k—k@ C= oV Al—kAl’ (38)
Bl = 4k2 (4]{}3/{4 — /62) D1 = 0 p= 2153
s—14 I3 B — _A1(4k3k4 — k%)z Dy — A%(k% + 16k3k‘z — 8k3k§k4)z EL =0
JBE+y 4k3 ’ 32k ’ ’
P p (39)
1 2z
Ap = T dksky — k3, Ep = —71,
u(€) = Ao+ Ai(p+0(€) + — 21—, v(€) = Bo+ Ealp+0())* + — 2
p+0(¢)’ (p+0(£)*

where k1, ko, k3, are free amounts. According to Family 1 (if C; = 0 but Cy # 0; C; # 0 but
Cy = 0), respectively, the solutions will be reached as below form

AL (Akesky — k2)
’U,31(f) = 12;\/41433]% — k2 + A; [Ql + \{coth <2\{€§1£>:| — [Q 41; \/53 :h( i§>]7 (40)
1 ?CO m

A2(k3+16k2k2—8ksk3ks)

2 2 2
v, (€) = 2 —A1(4k§12§ k3) _ % [Ql + fcoth <;k[£>:| i 32k ’
5 r L [Ql—i-\/coth(‘[f)}

A, s s i (4kska — k3)
us, (€) = 2/ Aksky — k3 + Ay [91 + ¥ tanh ( f)] - (41
2 ks \/7 2 2k1 [Ql 4 T\Ctanh (ﬁg)}
A2(k3+16k3k2—8ksk3ks)
A1 (4ksks —k3) A {Q Y <\[§>] 2 + B R
452 2 2r 2k, [Ql vk <£§)]2 !
2r 2k1

where ; = 2k3 + 12“7% Via Family 2 (if C; = 0 but Cy # 0; C; # 0 but Cy = 0), respectively,
one get

2

o A]_ 2 A/ —8 \/—S 4]€2 (4k3k4 k2)
U3, (5) = ?3\/ 4]€3k4 - kQ + Al |:Ql + ?Cot <2kj1£ - N N s (42)
Q + 5= cot

U32(§) A

A2 (kA+16k2k2 —8kzk2ka)

| Au(dksky— kD) A3 [Q . ﬁcot(\/jsg>]2+ [ 32;@4(%;8 )r |

4k 2 2r 2k 0 + L
A V=5, [(v=s i (Ahsky — k3)
us(8) = ks dhaks = k5 + [Ql TR ( 2ky §>] B [ | — Y=tan ( e )] "
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Figure 5: Plots of (q) and (r) real amounts and (s) and (t) imaginary amounts of Eq. (16) with
providing amounts Ay =3,ky = 1,ko =2, k3 =2,ks =2,6=2,7=2,a=0.9.
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Figure 6: Plots of (u) and (v) real amounts and (w) and (x) imaginary amounts of Eq. (16) with
providing amounts Ay =3,ky = 1,ko =2,k3=2,ks =2,6=2,7y=2,a=0.9.
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A2(k3+16k2k3—8ksk3ks)

Ay (dksky — A2 V= v=s \1? i
Ve, (€) = % | — 1( kgkg k2) Q — Sy Sf N 32k ’
4ks 2 2r 2k, {91 Ftcm (rg)}
where Q0 = 2k3 + 2. According to Family 3, one become

Akgky — k2)

(44)

A k k C 4k2(
uzs (§) = k:; 4ksky — k%+A1 {2;3_’_ 2 4 o +202£] [

k k ’
5ot C1+02§}

A2 (k3416k3k2—8ksk3ka)
Ay(dhgky — k) A2 [kg ke Oy r B 77 S

v(8) =2 | = 2 |2k " 2r T 1ot

2
ko
2k3 +ao t Cl+02§:|

Based on the Family 4 (if C; = 0 but Cy # 0; C; # 0 but Cy = 0), respectively, the solutions
will be got as below form

ugs (&) = =L 241 ek +A7\f th(‘[£> Arr (4ksky — k3) tanh (fg) (45)

s oy 42./q |
Aky  A%q q A2E2p2 q
v3,(€) = 2 [ ;3 212 coth? (}gﬁ + 21k‘§q tanh? \k{f ,
Ay A \/a V4 Arr P V4
4 h( Y= — 4 — h|{ -+ 4
(€)= VAR + 2 (Y0¢) - kb — k) ot (V) )
Ak, A2 q A2k2p2 q
3. (€) = 2 [— ]{1:34 - %tanhz (}Qg) + 21k§q coth? <\k{§)}

According to Family 5 (if C7 = 0 but Cy # 0; Cy # 0 but Cy = 0), respectively, the solutions
become

s (€) = S V/Agks + AV ot <V,f5>— 4k§\1/’;7q(4k3k4—k%>tan(fs>, (47)

2 21.2,..2
Aiks | Mg t2<” qé) AR ( >

U3g (5) =z {— k?s + 2T kl ngq

A1 Aiv—q v Arr

Uz, (€) = kgm b (Y6 ) + g = (ke k2) cot
[ Ak Al 5 (V=a Atkir® o (V=4

v34(§) = 2 [— ks + o2 tan " & — 2k§q cot i — .

) e

Via Family 6, the solutions become as

_ A1k?2
(3) A=k | R A1C1h5 exp (’fiff) g
us =——+ A1 | — + + ’
10 ks 2ks rk1 + C1k1ka exp (%f) ko " A1C1k2 exp(_Tklzg
2k3 7’k‘1+01k1k‘2 eXp(%?f)
(49)
2 —ko 2 A%k%
Ak A2 |k A1C1k3 exp (Tf> 32k1
vaol€) = = | Gt = 5 |+ 1 * 3 :
4k3 2 | 2k3  pky 4 Cikykg exp (_;T]?f) ko Ai1C1k eXp(%Q
2k3 rk1+Crk1ks eXp(%klzﬁ)
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(@) (b) t=10

u, ()

Figure 7: Plots of (al) and (bl) real amounts and (c1) and (d1) imaginary amounts of Eq. (17)
with providing amounts A1 = 3,ky =1, ko =2, k3 =2,k4 =2,6=2,7=2,a=0.9.
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Figure 8: Plots of (el) and (fl) real amounts and (gl) and (hl) imaginary amounts of Eq. (17)
with providing amounts Ay = 3,k; = 1, ko =2,k3 =2,k4 =2,4=2,7v=2,a=0.0.
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Based on the Family 7, the solutions will be reached as below form

A ko 2(4]4:3/»{:4 k:%)
U311(§) k’; \/4/{73]&‘4 — ]{,‘2 + A1 [Ql + 01 exp <k1§>] - [ 4k3 ’ (50)

Q1+ Crexp <%§)}

A3 (k34+16k32k3 —8ksk2ky)

Ay (dksky — k2) A2 k 2 32k
v3,(§) =z |- 1 flké 2) - ? {914'01@(1) <k2£>] + : 2|
3 1 [Ql + Cexp (%gﬂ

k72 . k74 - A1k‘1 a A%kl\/m (07
where Q; = 5~ T and z =1+ \/m and £ = a+1) (QkS\/mx EYENy e ).
Option IV:
Ak A2k /K2 — k3k k
k=1 = 11m, A=Ay, Bi=0, Di=Dy=0, p=-—,
/T ohs
(51)
S ALk — dhska)2 B =0, BEy= Al (52)
V) s e 2
A
Ap = %13 k3 —dksks,  u(§) = Ao+ Ai(p+0(8), v(&) = Eo+ Ex(p+0(§))?,

where kq, ko, k3,7 are free amounts. According to Family 1 (if C; = 0 but Cs # 0; C1 # 0 but
Cy = 0), respectively, the solutions will be received as below form

A1 k2 kQ
k2 — dksky + Ay | —— 4+ — + ~—
) = 15— ka4 4y |32 4 22 Yeonn (¢ (53)
A2(k2 — Aksky)z A2z [ ky ko 2
vn(8) = 8K2 T2 [ng ot % <2k1 )}
A1 ko ko
=L k24 Ay |2 22 V8 4
ug, (&) = ks k2 ksky + Aq [ng + + or t <2k'1 >:| (54)
A%(k)% — 4/€3k4)2 A%Z ]{?2 kQ \[ \[
01, (8) = 8k2 T [2k3 o Ty tan <2k1 5)]
Via Family 2 (if C1, = 0 but Cy # 0; C; # 0 but Cy = 0), respectively, the solutions become
Al kg ]{22 vV - — V=S
. — k2 — dkgky + Ay | o + = t
was (8) = g, VR2 — dhsha + A [2k3 ot g ok o) | (55)
(5) . A%(k% — 4k3k4)2 o A%Z kﬁg @ V=S " ﬂ/_sé‘ 2
PslS) = 8k? 2 |2k " 2r | 2r O\ 2k ’
A1 k‘g ]CQ V=S VvV —S
= \/k3 —dksks + Ay |-+ — — t 56
ug, (§) = ks ska + Ay {21% t5, "o an( o K (56)
A2(k2 — dksky)z A%z [ky ke =s V= \1°
= - 242 t .
v () 8K32 2 {de HET a”( 2k 5)]
According to Family 3, one get
A1 k2 k2 C12
k2 — dksky + A —= 57
sl = g1 —thaki 4y [ J2 4 22 G (57)
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(b) t=10
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x10°™® (d) t=10
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Figure 9: Plots of (il1) and (j1) real amounts and (k1) and (11) imaginary amounts of Eq. (18) with
providing amounts Ay =3,C1 = 1,0y =2,k1 =1, ko =2,k3 =2,ky, =1,6=2,7v=2,a=0.9.
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Figure 10: Plots of (m1) and (nl) real amounts and (ol) and (pl) imaginary amounts of Eq. (18)
with providing amounts A; =3,C1 =1,Co =2,k1 =1, ko =2,ks =2ks=1,6=2,7y=2,a =0.9.
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A%(k% — 4]€3k4)2 _ A%Z [ kg kQ CQ :|2

vi5(8) = 8k2 2 |2k " 2r T CrtCht

Based on the Family 4 (if C7 = 0 but Cy # 0; C; # 0 but Cy = 0), respectively, the solutions
will be reached as below form

R (80, - b (),

wel8) = — - 2k3 22 Ky
A1/ —ksk A ky A2 A2
ug, (§) = ks ’ 1\[ <\l£5> , o v4,(§) = — 4%;2 - 217,%Ztanh2 (}ff) . (59)

Based on the Family 5, the solutions will be received as below form

W= A, <F 5), U4g(f):—k4A%Z+A%qzcot2<\/?q§)a(60)

s (f) N k’g kl 2]{73 27’2 k‘l
AV —ksky  A1y/—q V—q _ kaAlz Algz, 5 (V=g

Via Family 6 we get

A 2 ;ka

k k Cikie =1
U4y (5) =2 + A1 2 + —2 % ) (62)
2ks 2ks +2€
rk1 + Crk1koe *1

2

T2E
k3A2 A2 ko Crk3e ™

v4,0(§) = 2 3 T o %
8k3 2 Zks rki + Clklkgelef

According to Family 7 we have the below result

A ky k
ug, (§) = %13 \/ k2 — dksky + Ay [%23 — k—; + clekls} 7 (63)

A?(k2 — 4ksk A? [ k k ky ]2
U411<€):Z 1(2 2 34)_71 72_74"’_016&6 y
8k? 2

— 5 — 1 Alkl o A%kl V k§7k3k4 o
where z =1+ N and § = D(a+1) (21@,\/%I 4k2+/ B2+~ -

3.2 The gHSCKdAV equations
By utilizing the following transformation

kx® ct®
Ta+1) T(a+1) (64)

€=

then, Eq. (2) are transformed to

k3
—cu’ + ?ul” + 3kuv’ — 3k(vw) =0, —cv’ + k3" — 3kuv’ =0, (65)

—cw' + 3w — 3kuw’ = 0.

The balance number between (v and (vw)’), (v"" and uv'), and also (w” and ww’) in Eq. (65),

respectively, one become

n+3=9+rk+1, Y+3=n+9+1, kK+3=0+k+1, (66)
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then, the below amounts will be reached as
n="1=k=2, (67)
where

Y
u=> (.), v=> (), w=> () (68)
: P ;

Then the exact solutions will be received as below forms

Bz D2

_ _ 2
Fy
w(§) = Eo + Ea2 (p+ 9(5))2 + (p+6(6))%

Appending (69) into Eq. (65) and by utilizing the Maple 18, the below results will be concluded
Option I:

4k K2
k=k, c=-3kAy, Ao= Ao, Bo2= 7 Eo=FEy, Dos= Dy, p=p, ko=ks=0,
1
(70)
D2k? 4k}
Co = ——2"L (8Aok*k? — EgD2k?), Ey=0, Fo=—2 Ay=0, Cy=0, ky=ka,
0 4]{:4]{:3( 0 4 0 21) 2 2 Dzk‘i“ 2 2 4 4

u(€) = Ao+ Ba(p +0(€)) 7%, v(€) = Co+ Da(p+0(€)) 7%, w(é) = Eo + Fa(p+6(£) 2,

where kg, k are free amounts. By utilizing Family 1 (if C; = 0 but Cy # 0; C1 # 0 but Cy = 0),
respectively, will be reached as below form

up, (€) = Ao + 4’22;5 )72, wy,(€) = Eo+ if::f =2, (71)
v1,(§) = —Zﬁjg (8Aok?kf — EoDok?) + Do [T ™2, T =p+ ;/fcoth <2\{j > ;

0a(© = Ao+ L2 w9 = B0+ T g ™)
vi,(€) = - ﬁg (8A0k*kf — EoD2k?) + Do [l] ™%, Tlo = p+ *Q/Etanh (2“,5; ) .

Via Family 2 (if C1 = 0 but Cy # 0; C1 # 0 but Cy = 0), respectively, the solutions will be
received as below forms

s(© = o + B2 (6 = B+ o (73)
v (§) = - ﬁg (840k°k} — BoDak?) + Dz [] ™, 1ls =p+ \/ft (ﬁf) :

wn(© = Ao+ B (@ = B+ Bt (71
vy, (§) = —ﬁl,ﬁ; (8A0k?kf — EoD2k?) + Do [I) ™, Iy =p - “;mn (f&)
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(a) {b) t=10

50 100

Figure 11: Plots of (a) and (b) real amounts and (c) and (d) imaginary amounts of Eq. (71) with
providing amounts p =2, 49 =3,k =2,k1 =2,k =2, k3 =1,ks =1, =0.9.
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Figure 12: Plots of (e) and (f) real amounts and (g) and (h) imaginary amounts of Eq. (71) with
providing amounts p =2, A0 =3,Fy =3,D =2,k =2.k1 =2,ks =2, k3 =1,ks = 1,a = 0.9.
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Based on the Family 3 we get

AR2)2 Cy -2 Ak kS Co -
wp(€) = Ao+ gt o4 | e =Bt ot ot i ()
D2k‘2 02 -2
vy, (€) = 741@24& (8A40k*k} — EgDok3) + Do [p + 01+C2£]

According to Family 4 (if C7; = 0 but Cy # 0; C1 # 0 but Cy = 0), respectively, the solutions
will be reached as below forms

4Kk%k32

u1(§) = Ao + 2 5], wi,(§) = Eo + Dokt 5] 2, (76)
v1a(8) = _5-@%]/2 (8Aok?k} — EoDaki) + D2 [Ils] %, Il5=p+ gcoth (}fg) :

wr(6) = Ao+ 4}{:/’4:2;i 6], w1, (€) = Eo + iig 1] 2, (77)
vM©=zﬁg@%ﬁﬁ%m%ﬂDﬂm2’m:p+fmm<fg,

Based on the Family 5 (if C; = 0 but Cy # 0; C; # 0 but Cy = 0), respectively, the solutions
will be received as below forms

4k%K3

urg(€) = Ao+ —5—+ 7] %, wiy(§) = Bo+ ——1 (7] 2, (78)
k2 Dok
D2j;2 - =g =
v1g(€) = — 2 (8Agk*k — EoDok?) + Dy [T] 2, Thy = p+ Y—2cot Qe
AkAKS k1
AR?kT o AkE o
Ulg (5) = AO + k% [HS] ) Wi,y (5) = EO + ﬁkéf [H8] ) (79)
D2k? _ V—q V—q
V1 (€) = — 2L (8Agk*k] — EoDok?) + Da[Is) 2, Ths = p— ¥—Lpan ( Y 2¢ ),
where ¢ = m (kz® — 3kApt®).
Option II:
k Ak (p2ky — ky)? k
k=k, c=8k <kj —p2) 3kdy, By= M0 k}% ) py=D, p= ﬁ (80)

k1 = k3, Co=Co, Fp=—

e ki — 4pPkks + 6p k3K — 4pSkak
<p8+ 1 p°kiki + 6p~kiky p 41>, Ay =Cy = FEy =0,

D, ki
(81)
4k? k$ — 4p?k3k 6prk2k? — 4pSkyk? 8t
ks =ks, Eo=——5 [Cok:2 i Tl LHPh
Ds; kS
D 4]@2(]{2 — 3p2k2k‘1 + 3p4k4k%) + 2140(2}72]?4]{% — p4 — kzkl):|
2
3 ’

w(€) = Ao+ Ba(p +0(€)) %, v(€) = Co+ Dap+0(€)) %, w(€) = Eo + Fa(p+06(£) 2,

where k4, k are free amounts. According to Family 1 (if C; = 0 but Cy # 0; C; # 0 but
Cy = 0), respectively, the solutions will be reached as below forms

AR (p*kT — 2p°kakr +K3) [ ko | k2 /5 YA
—A L el e Y 2
uz, (§) o+ 2 Sy + 5 + o coth <2k1£)] ) (82)
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Figure 13: Plots of (i) and (j) real amounts and (k) and (1) imaginary amounts of Eq. (71) with
providing amounts p=2,40 =3, E0=3,D, =2k =2ky =2,ko =2, k3 =1,ks, =1, =0.9.
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Figure 14: Plots of (m) and (n) real amounts and (o) and (p) imaginary amounts of Eq. (72) with
providing amounts p =2, Ag =3,k =2,k =2, ko =2,k3 = 1,ks =1, =0.9.
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-2
v, (&) = Co + Do [kz + @ + écoth <\/§§>] ,

2k1  2r 2r 2k1
4k2 k4—4 2k3k +6 4k2k2—4 6]€ k3+ 8k4
w21(§):—ﬁ R A U pk441 PRk PRy
2 1

4k2(k£’ — 3p2k‘zk‘1 + 3p4k‘4k‘%) 2A0D2(2p2k‘4k’% — p4 — k‘zkl)

? k3 + 3 +
1 kl
-2

4k <p8 N ki — 4p2k3ky + 6p*k3k2 — 4p6k4/<;§> [ ka ke Vs (\/g )} |

K % 2 2

e

D

Do

2k

4]{2(},}4]{;% — 2p2k‘4k‘1 + ]{,‘i) |: ]{32 ]{,‘2 \/> <\/§ ):| —2
2k ’

+ 2 L Yanh
— 4+ — + —tan
k% 2r

_ ke ke Vs VA
v2, (&) = Cy + Do [2k1 + o + o tanh (2]{15 ,

4k‘2 k’4—4 2]€3k +6 4]{32]{52—4 Gk. k‘3+ 8k4
w22(€)=D2[Co/€24 D gkl p;§41 PRy DR
2 1
4k (ki — 3p°kiky + 3pkak?) | 2A0Da(2p*kaki — p* — kik1)
2 3 + 13 +
1 1
-2
Ak <p8 |k 4Kk + 6" RERT — 4p6k4k§> { ky ke s, <\f ﬂ |

S
Dy p ok 2 o2 gt

Based on the Family 2 (if C; = 0 but Cy # 0; C; # 0 but Cy = 0), respectively, the solutions
will be got as below forms

4k2 (p*k? — 2pPkyky + k3) [k:g ko \/Tscot <\/?S§>] 727 -

k2 ok T2r T 2r 2k

u2,(§) = Ao + (83)

D

u2,(§) = Ao +

o k‘g k‘g VvV —S Vv =S —2
v25(§) = Co + Do [2kz1+2r o COt( 2% 3 )

AR [k — 4p2k3ky + 6pth2k2 — ApOkak + pPhd
way(§) = — Tz |Cok o +
2 1
4k2(k2 — 3p2kik‘1 + 3p4k4k%) 2A0D2(2p2k4k‘% — p4 — k‘ikl)

Ak [ o kY= 4pPk3ky + 6p k22 — ApSkak3N [ ke ke V=5 [(vV=s.\]
— (p*+ - =+ 24 t ¢
D, k! 2%,

e

D

)

2k1  2r 2r 0

AR2 (A k2 — 22 2 — — )
N k*(p*ki — 2p°kaky + k3) [k:g ko 4/ Stcm<\/ s§>]

k2 2k | 2r  2r 2k

. kz kQ VvV —S V=S —2
U24(£)—00+D2 |:2kl+27'_ o tcm<2k1 £>:| s

K — Ap2k3ky + 6p*k2k2 — 4pSkak? + pk?

(€)=~ oy |Cop? AR O Z R R
2 1

4k2(k}i’ — 3])2]@%/{31 + 3p4k4]{7%) 2A0D2(2p2k4]€% — p4 — kzkl)

2 3 + 3 +
k3 3

A (kL= APk + Otk — R [ Ry R Vs, \/7—35 -

Dy \P K1 % 2 or '

U2, (5) = Ao ) (85)

4k2

D
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Figure 15: Plots of (q) and (r) real amounts and (s) and (t) imaginary amounts of Eq. (71) with
providing amounts p =2, A0 =3,Fy =3,D =2k =2,k; =2,ko =2, ks =1,k, =1, =0.9.
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Figure 16: Plots of (u) and (v) real amounts and (w) and (x) imaginary amounts of Eq. (72) with
providing amounts p =2, A0 =3,Fy =3,D =2k =2,k; =2,ko =2,ks=1,ky, =1, =0.9.
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According to Family 3 we have

4K% (p*k? — 2p%kyky + k2) [ ko k2 Co -
(& =A ! 4 — 86
u25(§) = Ao + w2 [%1 +01+025] : (86)
v (é‘) C, + D ﬂ + @ L -
% 0219k C1+ Coé| 7
4k? k:4 — 4Ap?k3k A2k2 — 4pSk, k3 84
woy (€) = — o | Cok? ™ p-kik1 + 6p i P R4ky + P i
D3 ki
Ak* (k3 — 3p*kik1 + 3p*kaki) 2A()Dz(2102/7<?41€2 p* — kiky)
Dy i3 k3
1
AR (kL= APk + Gp*KERE — 4%k} [ Ry /-cg : G, 17
Do P k‘lll 2k Ci+ Cgf

Based on the Family 4 (if C; = 0 but Cy # 0; C; # 0 but Cy = 0), respectively, the solutions
will be reached as below forms

Ak (p*k? — 2p%kaky + k2
use(§) = Ao + wh ]{:12) = 4) q anh’ <\]€/1a§) , v26(§) = Co+ DQitanhQ <\k/1a€)
il

(87)
A2 [ kb — 4pk3ky + 6ptk2k? — 4pShykd + pik
s, (6) = ~ {c k : .
D, 4k2(k3 — 3p2k‘2/€1 + 3p4k‘4]€2) 2A0D2(2p2k‘4k’% — p4 — k‘zkl):|
3 + 3 +
ks K
AR (o K K O RER — PR L (VT
Dy g ki q ki~)’
Ak* (p* k3 — 2p*kaky + k3) 1 2
sy (€) = Ay PR 2R TR T (ﬂs) . v9,(€) = Co + Dy’ —coth? <ﬂ§) ,
ki q k1 q k1
88
4k? o ki — 4p?k3ky + 6pik2k? — 4pSkykd + pBki (%)
s, (6) =~ {c K . .
Dy 4]{32(]45 3p2k4]€1 + 3p4k4k‘2) 2A0D2(2p2k‘4]€2 p4 — kikl)
k3 k3 +
4k* . ki — 4p?kiky + 6p k33 — 4pSkyk3 o2 \/gé
Dy ki q k1

According to Family 5, we get the below solutions

AR (p*K3 — 2p°kaky + K3) 12 - > —
uzs (§) = Ao — Sl ];29 — 4)275@”2 <\/]€7§> , v24(&) = Co —Dz%tcm2 ( p qg) ,
i

1

(89)
4k? ki 4p2k3k1 + 6ptk? k2 ApSkyk? + pBkt
w2, (€) =~z [00/8 1 ]:4 : o
2
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Figure 17: Plots of (al) and (bl) real amounts and (c1) and (d1) imaginary amounts of Eq. (73)
with providing amounts p =2, Ag =3,k =2,k =1, ke =2,k3 =2,ky =2, =0.9.
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Figure 18: Plots of (el) and (f1) real amounts and (gl) and (hl) imaginary amounts of Eq. (73)
with providing amounts p =2, 40 =3, Ey=3,D2 =2,k =2,k1 = 1,ko =2,ks =2,ks =2, = 0.9.
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Figure 19: Plots of (i1) and (j1) real amounts and (k1) and (11) imaginary amounts of Eq. (73)
with providing amounts p=2,40=3,E0=3,D, =2,k =2,k1 =1,ko =2,k3=2,ks =2, =0.9.
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Figure 20: Plots of (m1) and (nl) real amounts and (ol) and (pl) imaginary amounts of Eq. (73)
with providing amounts p =2, A9 =3,k =2,k1 =1,k =2, ks =2, k4 =2, =0.9.
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Figure 21: Plots of (ql) and (rl) real amounts and (s1) and (t1) imaginary amounts of Eq. (74)
with providing amounts p =2, Ag =3, Ey=3,D2 =2,k =2,k1 = 1,ko = 2,k3 =2,ks =2, = 0.9.
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Figure 22: Plots of (ul) and (v1) real amounts and (wl) and (x1) imaginary amounts of Eq. (74)
with providing amounts p =2, Ag =3, Ey=3,D2 =2,k =2,k1 = 1,ko = 2,k3 =2,ks =2, = 0.9.
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where £ = il [ka:a s (Sk:?’,% _ 8k2p? — 3A0) ta].

4 Results and Discussion

In this section we will discuss the physical explanation of the found exact solutions to a nonlinear
fractional model. We expose the graphical representation of these solutions and accomplish
about the different kinds of solutions with two fractional order. To sketch plots we have utilized
the Maple software package. Every exact solutions are offered in Maple 3D plot and 2D plot
view for proper understanding. Some appropriate values are given in Figs. 2-24 to analyze the
dynamics properties briefly. These figures are depended on the family conditions which are of
important physically. It has been investigated that all figures including 3D plot and 2D plot with
two fractional-order § = 1 designed for the nonlinear fractional models involving the modified
Riemann-Liouville derivative. To the best of our knowledge, these complex exponential function
solutions have not been submitted to literature in advance. The analytical solutions and figures
obtained in this paper give us a different physical interpretation for the nonlinear FWBK and
FgHSCKdV equations.
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Figure 23: Plots of (a2) and (b2) real amounts and (c2) and (d2) imaginary amounts of Eq. (75)
with providing amounts p =2, 40 =3,Cy =2,Co =3,k =2k1 =1, ke =2, k3 =2k, =1, =0.9.
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Figure 24: Plots of (e2) and (f2) real amounts and (g2) and (h2) imaginary amounts of Eq. (75)
with providing amounts p = 2,A0 = 3,E0 = 3,D2 = 2,01 = 2,02 = 3,]€ = 2, kl = 1,/€2 = 2,]€3 =
2 ks=1,a = 0.9.
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5 Conclusion

In this work, on the basis of the generalized (G’/G)-expansion method, we have successfully
obtained the nonlinear FWBK and FgHSCKdV equations. And then, several sets of soliton
wave solutions, several sets of periodic wave solutions and other types of singular and kink-
singular wave solutions were successfully constructed by utilizing the gG’/GEM. Moreover, we
have obtained the other solutions by utilizing a nonlinear Riccati equation based on the ODE.
On the other hand, the density, 3-D and 2-D graphs of those presented wave solutions were given
from the perspective of dynamics. Hope these novel findings can promote the understanding of
the (141)-dimensional the nonlinear FWBK and FgHSCKdV equations.
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