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1 Introduction

In this paper, we are interested in the following Kirchhoff type problem with the Dirichlet
boundary value condition

—M(/(A(a:, Vu) + 1\u|q) d:c) [ diva(z, Vu) — \u|q*2u] = Ag(z,u,Vu) in Q,
Q q
u=0 on 0f),

(1)

where Q is a Lipschitz bounded open domain in RN, N > 1, and 2 < ¢ < p < oo, is a
positive real number, X is a real parameter, — diva(x, Vu) is a Leray-Lions operator, where
a:QxRxRY = R is a Carathéodory’s function meets a few conditions that we will review in
the section 3. ¢ is defined from Q x R x R into R is a Carathéodory’s functions has the growth
condition and M : RT — R* is continuous. Because of the term M, the problem (1) is called
a nonlocal issue, implying that the equation in (1) is no longer a pointwise equation. Problem
(1) is related to the stationary version of the Kirchhoff equation

2 L 2 2
0°u (po E ou x)au:O @)

Po ~\0 Tar ), ozl ) aa2
presented by Kirchhoff (1883). The parameters in (2) have the following meanings: h is the
cross-section area, F is the Young modulus, p is the mass density, L is the length of the
string, and Py is the initial tension. The Kirchhoff equation (2) is an extension of the classical
d’Alembert’s wave equation that takes into account the effects of length changes of the string
produced by transverse vibrations. This (1) problem models several physical and biological
systems where u describes a process which depends on the average of itself, such as the popula-
tion identity, see Alves et al. (2005). Many authors have investigated Kirchhoff type equations,
particularly after Lions work (Lions, 1978), where a functional analysis framework for the prob-
lem was proposed; see e.g.(Arosio & Panizzi, 1996; Rasheed et al., 2021; Cavalcanti et al., 2001;
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Allalou et al., 2021; Chakib et al., 2016; Chipot & Rodrigues, 1992; Nachaoui et al., 2021b)) for
some interesting results and further references. In recent years, various Kirchhoff-type prob-
lems have been discussed in many papers see (Temghart et al., 2021; Faraci & Farkas, 2020;
Heidarkhani et al., 2017; Fan, 2015). More recently, Cabanillas et al. (2018) have dealt with
the p(z)-Kirchhoff type equation by topological methods, in the framework of variable exponent
Sobolev space.

Inspired by the above work and the results in Cabanillas et al. (2018); Chaharlang & Razani
(2021); Abbassi et al. (2020a), we study the existence of a weak solution to the problem (1). The
method used to solve (1) is the topological degree, for a class of demicontinuous operators of gen-
eralized (S5 ) type. The topological degree theory is introduce the first time by Leray & Schauder
(1934) in their study of the nonlinear equations for compact perturbations of the identity in
infinite-dimensional Banach spaces. Browder (1983) constructed a topological degree for opera-
tors of class (S5 ) in reflexive Banach spaces. We mention the works Abbassi et al. (2021, 2020b);
Cho & Chen (2006); Chaharlang et al. (2020); Chaharlang & Razani (2021); Ellabib et al. (2021);
Hayeck et al. (1990); Heidarkhani et al. (2017); Nachaoui et al. (2021a) for more details.

This paper is organized as follows. In Section 2, we present some necessary preliminary
knowledge on weighted Sobolev spaces and an outline of Berkovits degree theory. In section
3 we give our basic assumption. In section 4 is devoted we prepare for the proof of the main
theorem, we present several similar lemmas. Finally, in the fourth section, we prove the existence
of weak solutions of (1).

2  Mathematical preliminaries

2.1 Weighted Lebesgue and Sobolev spaces

In this subsection, we give some definitions and elementary properties for weighted Sobolev
spaces with Weight WP (Q, w).

Let Q a bounded open set of RN(N > 1), p be a real number such that 1 < p < oo and
w = {w;i(x), 0 < i < N} be a vector of weight functions, i.e., every component w;(x) is a
measurable function which is positive a.e. in €. Further, we suppose for any 0 < ¢ < N in all
our considerations that

—1

w; € Llloc(Q) and wip_l € Llloc(Q)' (3)
The weighted Sobolev space W1P(Q, w) is defined as

WLP(Q,w) = {u € LP(Q,wo) : du € LP(Qw;), =1, N}

0
Note that the derivatives 0; = e are understood in the sense of distributions. This set of
-

7
functions forms a Banach space under the standard norm

g = (] \u(x)\pwm)dwé [ o) wite) o) " ()

The first condition in (3), we have that C§°(€2) is a subspace of W1P(Q,w) and consequently, we
can introduce the subspace I/VO1 P(Q, w) of WHP(Q, w) as the closure of C§°() with respect to the
norm (4). Moreover, the second condition in (3) implies that W1P(Q, w) as well as WO1 P(Q,w)
are reflexive Banach spaces.

We recall that the dual space of weighted Sobolev spaces VVO1 P(Q,w) is equivalent to

WL (Q,w*), where w* = {w} = wil*pl, i=0,...,N}, p is the conjugate of p and p’ = L.

p—1
(see Akdim et al. (2001); Akdim & Allalou (2014) for more details).
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Now, we shall assume that the expression

N » 1/p
= (3 | o) ) o) )

is a norm defined on VVO1 P(Q, w) equivalent to the norm (4).
Note that (W, (Q,w), | - ||) is a uniformly convex (and thus reflexive) Banach space.
We can find a weight function o on 2 and a parameter ¢, 1 < ¢ < oo, such that

o @@ ¢ LY(Q) (6)

then the Hardy inequality

(/Q|u|qux)l/q < c(é/9|8¢u|pwi dm)l/p (7)

holds for any u € I/VO1 P(Q,w) with a constant ¢ > 0 independent of u, besides the imbedding
Wo?(Q,w) = LI, 0) (8)
expressed by (8) is compact.

Remark 1. If we suppose that wo(x) = 1, the integrability condition holds: there exists v €

]%, +oo[ﬂ]p%17 +o0[ such that

w;” € LNQ), for alli =1...N (9)

and note that the assumption (9) is stronger than (3), then

al » 1/p
ful = (3 [, ol wi(a) ) (10)

is a norm defined on Wol’p(Q,w) and equivalent to (4), and also, the imbedding

W, P (9, w) < LI(K) (11)
is compact for all 1 < q < p§ if pr < N(v+ 1), and for all ¢ > 1 if pv > N(v + 1), where
p1 =pv/v+1 and p; is the Sobolev conjugate of p1 (see Drabek et al. (1996), pp.30-31).

2.2 Classes of mappings and topological degree

Now, we give some results and properties from the Berkovits degree theory, let X be a real
separable reflexive Banach space with dual X* and with continuous dual pairing (-, -) and
given a nonempty subset 2 of X, and — represents the weak convergence.

Let Y be another real Banach space.

Definition 1. The operator F : Q C X — Y is said to be bounded, if it takes any bounded set
into a bounded set.

Definition 2. The operator F : Q C X — Y is said to be demicontinuous, if for any sequence
(un) C Q, up — u implies F(uyn) — F(u).

Definition 3. The operator F : QQ C X — Y is said to be compact, if it is continuous and the
image of any bounded set is relatively compact.
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Definition 4. A mapping F : Q C X — X* is said to be of type (S4), if for any sequence

(un) C Q with up, — u and limsup(Fu,, u, —u) <0, we have u, — u.
n—oo

Definition 5. The operator F' : Q0 C X — X* is said to be quasimonotone, if u, — u implies
lim sup(Fuy,, u, —u) > 0.

n—oo

Definition 6. Let T : 1 C X — X* be a bounded operator such that Q2 C Q1. For any operator
F:QCX — X, we say that F satisfies condition (Sy)r, if for any sequence (u,) C £ with

Up = Uy Yp = Tuy =y and limsup(Fu,, y, —y) <0, we have u, — u.
n—0o0

Remark 2. (Zeider, 1990)

1. If a mapping is compact in a set, then it is quasi-monotone in that set.

2. If the mapping is demi-continuous and of type (S4) in a set, then it is quasimonotone in
that set.

In the following, we consider the following classes of operators:

Fi1(Q):={F:Q— X*| F is bounded, demicontinuous and of type (S;)},
Fr(Q):={F:Q— X | F is demicontinuous and satifies condition (S} )r}.

Lemma 1. (Berkovits, 2007, Lemmas 2.2 and 2.4) Lets T € Fi(G) be continuous and S:

Ds C X* — X be demicontinuous such that T(G) C Ds, where G is a bounded open set in a
real reflexive Banach space X. Then the following statements are true:

1. If S is quasimonotone, then I + SoT € Fp(G), where I denotes the identity operator.

2. If S is of type (Sy), then SoT € Fr(G).

Definition 7. Let G is to be a bounded open subset of a real reflexive Banach space X, T € F1(G)
be continuous and let F, S € Fr(G). We define an affine homotopy A : [0,1] x G — X by

A(t,u) == (1 —t)Fu+tSu for (t,u) € [0,1] x G
1s called an admissible affine homotopy with the common continuous essential inner map T .
Remark 3. (Berkovits, 2007) The above affine homotopy satisfies condition (Sy)7.

Let O be the collection of all bounded open set in X. we give the Berkovits topological
degree for a class of demicontinuous operator satisfying condition (S4)r for more details see
Berkovits (2007).

Theorem 1. Let
M = {(F,G,h)|G €O, T € FiI(G), F € Fr(G), h ¢ F(OE)}.
There exists a unique degree function d : M — 7Z which satisfies the following properties :
1. ( Normalization) For any h € G, we have d(I,E,h) = 1.

2. ( Additivity) Let F' € Fp(G). If G1 and Go are two disjoint open subsets of G such that
h & F(G\(G1U Gs)) then we have

d(F,G,h) = d(F,G1,h) + d(F,Ga,h) .
3. ( Homotopy invariance) If A : [0,1] x G — X is a bounded admissible affine homotopy
with a common continuous essential inner map and h: [0,1] — X is a continuous path in

X such that h(t) & A(t,0G) for allt € [0,1], then the value of d(A(t,-), G, h(t)) is constant
for all t € [0,1].

4. ( Existence) if d(F,G,h) # 0, then the equation Fu = h has a solution in G.
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3 Essential Assumptions

Throughout the paper, we assume that the following assumption hold true.

a(z,€) : Q@ xRV — RV is a Carathéodory vector-valued function, such that a(x,&) =
VeA(x,§), where A(z,§) @ Q x RN — R. Suppose that a and A satisfy the following hy-
potheses, for a. e. in z € Q and all £,& €¢ RN, (€ £ ¢):

(A1) A(z,0) =0,

N
(A2) a Y wil&lP < a(x,€) - € < pA(x,€),
=1

N
(45) e, ) < Bu? (k(x) + > wi lgPt)  forall i=1,-- N.
j=1

(A4) [a(z, &) — a(x,£)] - (£ = ¢) >0,

where «, f are some positive constants and k(x) is a positive function in L¥ (Q)(p’ is the
conjugate exponent of p). Furthermore, the Carathéodory’s function g is defined from QxR x RY
into R and it is satisfies only the growth condition, for all t € RV, s € R and a.e. = € Q.

N
/ / 1/q' /

(H) g5l < 007 (e(@) + /7|57 137wl fyy 7)),

j=1
where g is a positive constant, e(x) is a positive function in Lq/(Q).
(Mp) M : RT — RT is continuous and non-decreasing function, for which there exist two

positive constant mg and my such that my < M (t) < my for all t € [0, +o0].

4 Notions of solutions and technical Lemmas

Definition 8. We say a function u € Wol’p(Q,w) is to weak solution of problem (1) if
1 -2
M< (A(z, Vu) + —|ul?) da:) { a(z, Vu)Vo + [ |u|? uv} =X\ [ g(z, u, Vu)vdz,
Q q Q Q Q

for allv e Wol’p(Q, w).

C, 1<r<oo, If gn(x)— g(x) a.e. inQ then g, — g weakly in L' (), v), where v is a weight
function on €.

Lemma 2. (Akdim et al., 2001) Let g € L"(Q, v) and g, C L"(Q, v) be such that ||gn|r, <
Lemma 3. (Akdim et al., 2001) Assume that (A2)-(A4) hold, let (un)n be a sequence in
Wol’p(Q,w) such that u, — u weakly in Wol’p(Q, w) and
/ la(z, Vuy) — a(z, Vu)| V(up, — w)dz — 0, (12)
Q

then u, — u strongly in Wy (Q,w).

Let us consider the following functional

— 1
E(u) = M(/Q (A(z, Vu) + a|ulq)dzx>, for all u € Wol’p(Q,w)
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where M : [0, +00[— [0, +0o0] be the primitive of the function M, defned by

-/ M (e)de

It is well known that £ is well defined and continuously Gateaux differentiable whose Gateaux
derivatives at point u € Wy (92, w) is the functional &' (u) € W™ (Q, w*) setting by

(E'(u), v) = (Fu, v), for all u, v € Wy (Q, w),
where the operator F' acting from Wol’p(Q, w) to its dual W12 (Q, w*) is defined by

(Fu,v) = M(/Q(A(a:,Vu) + ;|u|q) dx) [/Qa(x,Vu)Vv—i-/Q|u|q_2uv] (13)

for all u,v € Wol’p(Q,w).
Proposition 1. Suppose that (My),(A1) — (A4) hold, then
(i) F is bounded, strictly monotone, coercive, continuous operator.

(ii) F is of type (S4+).

Proof. i) It is clear that F' is continuous, because F' is the Fréchet derivative of £.
Now, we prove that the operator F' is bounded.

Let u,v € Wol’p(Q, w), by the Holder’s inequality and (Mj), we obtain
1 -2
|< Fu,v >| = ’M( (A(z, Vu) + =|ul9) dx) [ a(x, Vu)Vo+ [ |ul? uvdz] ’
Q q Q Q

N

< m1<2/ a,-(a;,Vu)wi_l/p Oiv wil/pdaf —|—/ |u]q71071/q]v|al/qdw>
=179 Q

<my i (/ |ai(z, Vu) w_l/p\p/dxy/pl(/ 0w’ ’pdx)l/p

—= gt O i 0 i

/ 1/‘1/
+m /Huyqlal/qu da: /|vyal/4\q

Z/ |ai(z, Vu) w /p Z/ |0;v[P wzdx

mi /|u|qa_q/qu /|v|q0daz

m(

(

1(2/!%%%0 )" Z/|8v| widz) "

o ( /'“'qx"dxf’ /Ia = /q /\v|qadx 1/"
(
(

+

S

<my E /’azx Vu) w /p E /|(9U|Pw2dm Vr
___pr / /q

e} ([ o mas) 7 ([ ivoas)™
m1/|u| :U) (Qaq pqx Q|U|U:E)
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Thanks to the Hardy inequality (7) and the growth condition (Ag), we can easily show

N
that (Z/ |ai(x, Vu) wi—l/p
i=1 /9

the condition (6). We have

N 1/p /o N 1/p
[(Fu,v)| < Oy (;/ﬂwivaid:r) + @/ (;/wav)wid:r)

< Cifvfl + Cs]lv]l

< const ||v||,

’ 1/p’
P da:) g is bounded for all u in Wol’p(Q,w), and by using

as a result the operator F' is bounded.
Next, we prove that F' is strictly monotone operator.

For that, we consider the functional L : VVO1 P(Q,w) — R setting by
L(u) = /Q (A(a:,Vu) + 61]|uq>d:c forall weV,
then L € C1(W,?(Q,w),R) and
(L' (u),v) = /Qa(a;, Vu)Vudz + /Q lu|" 2uvdx for all w,veV.

By using (A4), and taking into the inequality ( see Kichenassamy & Veron (1985)), For all
&neRY,

(72—l —m) > (5) le—nP’, p>2. (14

We obtain for all u, v € Wol’p(Q, w) with u # v
(L'(u) — L'(v),u —v) >0,

which implies that L’ is strictly monotone. Thus, by Prop. 25.10 in Zeider (1990), L is
strictly convex. Furthermore, as M is nondecreasing, then M is convex in [0, +oo[. So, for
any u,v € X with u # v, and every s,t € (0,1) with s+t = 1, we have

M(L(su+tv)) < M(sL(u) + tL(v)) < sM(L(u)) + tM(L(v)).

This proves that £ is strictly convex, since & (u) = F(u) in W~ (Q, w*) we infer that F
is strictly monotone in VVO1 P(Q,w). Next, we prove that the operator F' is coercive. Let
u € W&’p(Q,w), according to (Az) and (Mp), we obtain

lull [l
N

Z/ |0;u|P widx /‘u|qu
Q P

=1

>
= amo ]

> amollul/P7,

which means that

therefore F' is coercive.
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i1)— We verify that the operator F is of type (S1). Let (uy), be a sequence in Wol’p(Q, w) such

that
Uy — U in Wol’p(Q, w)
lim sup(Auy, u, — u) < 0. (15)
n—oo

We will show that u, — u in Wy (Q,w).

On the one hand, in fact u, — wu in Wol’p(Q,w), s0 (up)n is a bounded sequence in
VVO1 P(Q,w), then there exist a subsequence still denoted by (uy,), such that
Up — u in WO1 P(Q,w), under the strict monotonicity of F we get

lim sup(Fuy, — Fu, up, —u) = lim (Fu, — Fu, u, —u) =0. (16)

n—00 n—=o0

Then

lim (Fup, u, —u) =0,
n—0o0

which means

1
lim M(/(A(x,Vun)+|un|q)dx) [/ a(x,Vun)V(un—u)—i—/ |un|q*2un(un—u)dg;} —0.
n—00 Q q Q Q
(17)
On the other hand, by (A1) we have for any x € 2 and £ € R”

1 1
Al €) = /0 & A, se)as = /0 ale, s€)Eds.

By combining (Ags), Fubini’s theorem and Young’s inequality we have

1
/A(;E,Vun)da::// a(x, sVuy,)Vuyds dx
Q oJo

1
:/ /a(x,sVun)Vundxds
0 Q
1 N
:/ [2/ ai(aj,sVun)w;l/paiunwil/pd:c}ds
0o L= Ja

1 N , , N
§/ [CP'Z/ ‘ai(x,sVunﬂp wi_p/pdzz:—i—C’pZ/ |8iun|pwidx}ds
0 = /e =19
1 N
< 01+c'/ Z/ |s Dgun|Pw; dz ds + Cpl|un [P
0 .—1JQ
N
< 01+022/ Osttn [P d + Copl | |7
i=1 79
< C(Jlunll” + 1),

1
and / |un‘qu is bounded.
q.JQ

Then, we infer that (/ (A(z, Vuy) + ;‘un‘q)dw) is bounded.
Q

n>1

As M is continuous, up to a subsequence there is tg > 0 such that

M(/Q(A(:U, Vuy,) + (1] | un, |q)dZL‘> — M(to) > mo as  m — o0. (18)
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From (17) and (18), we get

n—oo

[ lim / a(x, Vup)V(u, — u)dz +/ | |72 (U, — u)dm] =0.
Q Q

Using the compact embedding Wy (Q, w) << LI(Q, ), we have
limy, o0 [o, |92 (Uy, — u)dx = 0 Then

lim [ a(z, Vu,)V(up, —u)dz =0

n—o0 [¢)

In light of Lemma 3, we obtain
Up —> U strongly in Wol’p(Q, w),

which implies that F' is of type (S ).
O

Lemma 4. If the condition (Hy) hold, then the operator S : Wol’p(Q, w) — WP (Q, w*) defined
by
(Su, v) = —)\/ g(x,u, Vu) vdz, for allu, v e Wol’p(Q,w)
Q

18 compact.

Proof. Let us consider the operator ¢ : WO1 P(Q,w) — LI (Q, %) as follows
Yu(z) == =Ag(z,u,Vu) for wue Wol’p(Q,w)) and z €

is bounded and continuous. For this, let u € VVO1 P(Q,w), using the growth condition (H;) we
have

[ ull?,. g/ Ag(z, u, V)| o*da
’ Q
N
<@ [ 7 1(ela) + lulto + 3 wilorul?)o 7 da
Q

i=1

< (g)\)q//ge(a:)q/dx—k(Q)\)q/(/9|u\qadx+§:/ﬂ&'u\pwi dl‘) (19)
i=1

N N
< (Q)\)ql/ e(z)? dx + CZ/ |0yulPw; dx + (oN)Y Z/ |0;ulPw; dz
Q i=1 Q =1 Q

< (@) lelld + Cllul” + () [full”
< Cr(fJull” + 1),

where Cp = max ((g)\)q/HeHgi, (N7 +C).
Therefore 9 is bounded on T/VO1 P(Q,w).

It remains to prove that 1) is continuous, let u, — u in Wol’p(Q, w), then u, — win LP(Q, wp)
N

and Vu, — Vu in HLp (Q,w;). Hence, there exist a subsequence still denoted by (u,) and
i=1
N

measurable functions 6 in LP(Q,wg) and ¢ in H LP(Q, w;) such that
i=1

un(x) = u(x) and Vuy(x) = Vu(z),
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un(z)| < 0(z) and  [Vun(z)] < [o(2)]
for a.e. x € Q) and all n € N. Since g satisfies the Carathéodory condition, we obtain
g(x,un(z), Vuy(x)) = g(z,u(z), Vu(z)) ae z el (20)

By (Hy) we get that

N
192, 1 (2), Vun(2))] < 009 (e(z) + o7 10(2)[ 97 + 3" w!/? |o(x)|P/7)
=1

for a.e. z € Q and for all £k € N.
As we have

N
00V1(e(2) + 07 19(@)| 77 + 3w} o (x) P17 € LT (2, 0%),
=1

then, by using (20), we obtain

[ 1otz un(a), Vur@)) - gz, (o). Val@) " do —> o
Q
Applying the dominated convergence Theorem, we get

Yup, — Yu  in L7 (Q,0%).

Then, the entire sequence Yu,,) converges to u in Lq/(Q, 0*) and then 1 is continuous.

Since the embedding I : Wol’p(Q, w) — L(Q, o) is compact, in light of (Rudin, 1991, Theorem
4.19) the adjoint operator I* : L7 (Q,0*) < W1 (Q, w*) is also compact.

It follows that S = "oy is compact. 0

5 Main results

Theorem 2. Suppose that the hypotheses (A1) — (A4), (H1) and (My) hold. Then, problem (1)
has a weak solution u in Wol’p(Q, w).

Proof. Let u € I/VO1 P(Q,w) be a weak solutions of the problem (1) if and only if
Fu = —Su, (21)

where F, S be two operators as defined in (13) and Lemma 4 respectively.

On the one hand, from Proposition 1 the operator F' given in (13) is strictly monotone,
bounded, continuous, coercive and satisfies condition (Sy). Then, by using the Minty-Browder
Theorem (see Zeider (1990), Theorem 26 A), the inverse operator T := F~! : W12 (Q, w*) —
VVO1 P(Q,w) exists and is bounded. Moreover, it is continuous and satisfies condition (S).

On the other hand, notice by Lemma 4 the operator S is bounded, quasimonotone and contin-
uous.

Hence, equation (21) is equivalent to the abstract Hammerstein equation

u=Tv and v+ SoTv=0. (22)

To solve the equations (22), we will employ the Berkovits topological degree seen in section
above. For this, let us consider the set

B := { v E W*l,p/(ij*) | v+tSoTv=0 forsome te€]0, 1]}
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We first proove that that the set B is bounded in W~ (€, w*).
Let v € B and take u := Tw. According to (Az), (H;) and by the Hardy inequality and the
Young’s inequality, we obtain

N
1 1
mo||Tv||P —mOZ/Q]Vu\pwi dr < aM</Q(A(:U’ Vu)—i—;]u]q)dx) [/Qa(x,Vu)Vu—i-/Qu\q]
i=1

1 1
—(Fu,u) = —(v,Tv)

IN

t t
(SoTv,Tv)| < / |IAg(z,u, Vu)| udz
a Jao

-

N
)\t ’ ’ /! /
< —| | /gal/q(e(x)—i-ol/q |u]q/q + E wil/q \8iu|p/q Judz
i=1

q
dx

a Ja
g 1 2 5id 1
SCq// ’e(w)—i—]u\q’atﬂ —|—Z|8¢u]f1’wi‘7 d:U+Cq/ ‘uaq
Q =1 Q

N
gcl/ |e($)|q/+u|qJ+Z|8iu|pwida£+C’q/ lu|odz
Q Q

=1

N
SClﬂeHgi+C’1/Q]u|qad$—{—clz/g|8iu|pwid:z+0q/ﬂ|u\qoda:
=1

N N N
gCllleHgi+CQ(;/Q|@iu,pwidx)q/p+cli;/9|vuypwida;+cg<;/gaiu\pwidx)q/p

< Co + Collul|? + Ch[Jul|? + Csl|ul|?
< Co+ Cst(||Tv||? + || Tv|]P)
< Co (I T[|9 + | To|IP + 1).

This implies that {T \ v € B} is bounded.
Since the operator S is bounded and from (22), it follows that the set B is bounded in
W‘Lp/(Q, w*). Then, there exists a positive constant R such that

Hv||W,17p/(Q7w*) <R forall veB.

Thus
v4+tSoTv#0 forall vedBgr(0) andall ¢e]0,1].

By Lemma 1, we get

I+ SoT € Fr(Br(0)) and I = FoT € Fr(Bgr(0)).

Consider an affine homotopy A from [0,1] x Bg(0) into W1 (€, w*) by

A(t,v) :=v+tSoTv for (t,v) € [0,1] x Br(0).

Using the homotopy invariance and normalization property of the degree d stated in Theorem
1, we have
d(‘[ + SOT7 BR(0)7 O) = d(I7 BR(O)7 0) =1,

consequently, we can find a point v € Br(0) such that
v+ SoTv =0.

it follows that u = T is a weak solution of (1). This ends the proof. O]
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