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1 Introduction

For many years, suspension bridges have an exclusive place among other structural systems
due to their outstanding architectural appearance. Due to the dominating tension stresses,
suspension bridges assure covering the longest spans in the world. In suspension bridges, large
main cables (normally two) hang between the towers and are anchored at each end to the ground.
The main cables, which are free to move on bearings in the towers, bear the load of the bridge
deck. Before the deck is installed, the cables are under tension from their own weight. Along
the main cables smaller cables or rods connect to the bridge deck, which is lifted in sections. As
this is done, the tension in the cables increases, as it does with the live load of traffic crossing
the bridge. The tension on the main cables is transferred to the ground at the anchorages and
by downwards compression on the towers.

There has always been great interest in modelling suspension bridges because of their effi-
ciency and remarkable architectural appearance (Lazer & McKenna, 1987; McKenna & Walter,
1990; Ahmed & Harbi,1998; Aliev & Farhadova, 2021; 2022 ). The systems described by PDE’s
with time delays have been an active field of research over the last years (Dafermos, 1970a;
1970b; Xu et al., 2006; Nicaise et al., 2009; Nicaise & Pignotti, 2006; 2011; Rahmoune, 2021;
Ferreira et al., 2022; Chellaouna & Boukhatem, 2020) and references therein. Since time delay
may destroy stability (Xu et al., 2006; Nicaise et al., 2009; Nicaise & Pignotti, 2006; 2011;
Rahmoune, 2021) even if it is very small, the stabilization problem of systems with time delays
has been a popular topic in the mathematical control theory and engineering.

In this paper, we consider the mixed problem with a time-varying delay in linear aerodynamic
resistance force in the bridge problem and prove the theorem on the existence and uniqueness
of the solution of considered problem.
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2 Statement of the problem. Existence and uniqueness
of the solution

We consider the following mathematical model for the oscillations of the bridge with a time-
varying delay
Ut (7,1) + Ugzze (T,1) + [u — v] L + Aug(, 1)+
—i—)\gut(:c,t - Tl(t)) = ]’Ll(t, .CU),
Vi (T, 1) — Ve (7, 1) — [u— 0] + prvg(z, t)+
‘HLQUt(.%',t — Tg(t)) = hQ(t, $),

where 0 < z <1 ,t > 0, u(x,t) is state function of the road bed and v(z,t) is that of the main
cable; 71 (t), T2(t) are time-varying delays, A1, A, ji1, 2 are real numbers, [a], = max {a,0} .
Let’s define the following initial and boundary conditions for the system (1).

(1)

)
v(z,0) = vo(x)
vz, t — 1o(t)

Problem (1) - (2) will be investigated under the following conditions:

() € WE(0,T), 7i(t) <d;i <1 5
0<mio<7(t) <m,0<t<T, i=1,2
hi(+) € W3 ([0, +00) ; L2(0,1)), i = 1,2. (4)

For investigating the problem (1)- (2), we introduce the following notations:
H"(a,b) = {y Y sy ™) € La(a, b)},

H*(a,b) = {y . ye Ha,b), y® (a)=y® (b)=0, s=0,1,..., [

N |

I}

where [r] is the integer part of the number r . We will denote the space H k(0,1) as H*.
The following theorem on the existence and uniqueness of the problem (1), (2) is true.

Theorem 1. Assume that the conditions (3)- (4) are satisfied. Then for any ug € H?,
uy € L2(07 1)7 Vo € Hl; V1 € L2(07 1); fOi('v _'TiO)a fin('a _'7_2'0) € LQ((Oal) X (07 ]-))a 1= 1727
the problem (1)-(2) has a unique solution (u(x,t), v(x,t)), where

u(-) € C (0, +00), H2) N C1 ([0, +0), L(0,1)),

w() e ([o, +oo),ﬁ1) A CL ([0, +00), La(0,1)).

Moreover, if ug € ﬁ4, u € I{\IZ, V9 € I/:\ﬂ, V1 € ﬁl, f()z‘(-,—'Tl) S LQ((O,Z) X (0, 1)),
Joip(-,—71) € La((0,1) x (0,1)), then the solution of (1) satisfies

u(-) € C([0, +00) , H) N C([0, +00) , H?) N C?([0, +00) , L2(0,1)),

v(-) € C([0, +00) , H*) N C([0, +00) , L(0,1)) N C2([0, +00) , L(0,1)).
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3 Proof of Theorem 1

In order to establish the existence of a unique solution to (1)-(2), we introduce the new variables
(Showalter, 1997; Barbu, 1976):

z1 (z, p, t) = u(x, t — 11 (t)p), p € (0,1),2 € (0,1),t > 0, } (5)
2o (x, p,t) = vz, t — T2(t)p),p € (0,1),z € (0,1),t > 0.

Obviously, z; and zy are solutions to the following problems:

{ Ti(t)zit (:I:,p, ) (1 - PT; (t )Zzp (.T P, ) - 07 pE (07 1)7 T € (O,Z), t>0 (6)
2 (:L’,p, O) fOZ( (0))7 (0 l) pe (Oa 1)7 t=1,2.

So, problem (1)-(2) takes the system equation

g (2, 1) + Ugzae (2,1) +[u — v] | + A (z,1) + A2z (2, 1,t) =0, in (0,1) x (0,00),
Vit (T, 1) — Ve (2, 1) — [u— v] L + prve(z, ) + /1222(;10, 1,¢) =0, in (0,1) x (0, 00),
7i(t)zit (x, p, t) + (L — p7i(t)) 2ip (z,p,t) =0, in (0,1) x (0,1) x (0,00),7=1,2

with boundary conditions

w(0,t) = ugy (0,8) = w(l,t) = ugy (I,1) =
v(0,t) =v(l,t) =0, (8)
zi (0,p,t) =z (I, p,t) =0, =12

and initial conditions

U(.I',O) = UO(JZ‘), ut(x,()) = ul(x)v T € (O7l)7
v(x,0) = wvo(x), v(z,0)=wv1(z), x € (0,1), (9)
2 (xapv 0) = fOi($a _107-2'(0))7 x € (Oal)nO € (Oa 1)a 1=1,2.
We introduce the following space:
H=H?x Ly (0,1) x o x Ly (0,1) x L2((0,1) x (0,1)) x La((0,1) x (0,1)),
equipped with the scalar product
I l ! !
<w,c~u) = / ulmﬁlmd:c —‘r/ Ugﬁgd.%' +/ U3ﬁ3d$ +/ U41~L4dl’+
0
—l—m/ / z1zZ1dpdr + 772/ / zoZadpd,
for all w = (u1, wue,us,uq, 21,22) w=(uy, ug, U3, U4, 21,22) € H, where
i > 2 "; =1,2. (10)

Let’s define the following operators Ao, A1(+) and G(-) in the space H. The linear operator
Ay is defined by

Ulgzzr + /\1U2 + )\221 (') 1)
—Uzz + H1U4 + p222 (-, 1)

1*PTI1 (t)
(@) le
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with domain

D (Ap(t)) = {w Tw = (ul,UQ,U3,U4,Zl,ZQ)T eH, up € H*, ws € H*, wug e H?,

ug € H', 2iy Zip € L2((0,1) x (0,1)), z1(x,0) = ua(x), 22(x,0) = ua(x), 0 < <1, i=1,2}.

It is obvious that D (Ag(t)) does not depend on t and D (Ay(t)) = D (Ap(0)).
The nonlinear operators A;(-) and G(-), acting from # into the space H are respectively
defined as

0
[ul - ’LL3]+ hl (ta ZE)
0 0
Ay (w) = _ [Ul _ U3]+ ) G(t) = hg(t, JI)
0 0
0 0

Let uy (t) = u(t), ug (t) = uy (t), ug (t) = v (t), ug (t) = vy (t), 21(t) = 21(-,t), 22(t) = 22(-,t) and
denote by

w = w<t) = (ul(t)v UQ(t),Ug(t),U4<t), Zl<t)722(t>)T7
w(0) = wo = (u10, u20, u30,us0, 21(-, —p71(0)), 22(-, —p71(0))).

Then problem (7)-(9) can be rewritten as an initial- value problem

{ W + Ap(thw + Ai(w) = G(t), (11)

w(0) = wp.
We have the following result on the existence and uniqueness of solutions to the problem (11).

Theorem 2. Assume that the conditions (3)-(4) are satisfied. Then for any wy € H, the problem
(11) has a unique solution
w(-) € C([0, +o0) , H ).

Moreover, if wy € D(Ap(0)), then the solution of (11) satisfies
w(-) € CH([0, +00) , 1) N C([0, +00) , D (Ag(0)) -

To prove the Theorem 2, we should prove the following Lemmas using known results for
operator equations in the monographs (Kato, 1985; Showalter, 1997).

Lemma 1. For everyt € [0,00), Aoy, (t) is the mazimal dissipative operator, where
Aoy (t) = Ao(t) + I, I is the identity operator,

|Aa| 1 maxeso |7 (t)] Rz 1 maxgso |m5(t)]
2 ! 27'10 27'10 ’ 2 2 2’7’20 2’7’20 ’

Proof. We start by showing that —Ag(t) is dissipative. So, for w = (ul,ug,ug,m,zl,zz)T €
D (Ap), we have
l
(Ao(t)w, w) = —/ Ulzg () U2y (T)dz+
0
!
—|—/ u2(2) (Uigraz () + Aug(x) + Aozy (z,1)) dz+
0

! l
+/O U3x({L‘)U4x(SL‘)dZL‘+/O ug() (—usge () + prug(z) + poze(x, 1)) de+
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1— pr’
+m / / p 1 z1(z, p)z1p(x, p)dpdz+
- pT 2
+ 2 Q(x,p)zgp(x, p)dpdx =
l
=\ \uQ(a:)|2d:c+)\2/ ug(z)zy(x, 1)dz+
0 0
l 5 l
s [ ua(o) e + / wa(w)2 (,1) dat

1— pr
o // P 1 21 () 21, (7, p) dpda+

1—pr
g / / - 2 ) o) 2ap( p)dpda.

Using the Gronwall lemma, we obtain the followmg inequalities

A
|/| |d+|2|/21:1:1)|dx
_“‘2‘/; 2)[*dz +|“2’/|z2x1)| dz.

Considering (4) and (6), we get the following equality

[ [0 gt i = 1;(,};) JACERIS

l
)\2/ ug(x)z1(z, 1)dz| <
0

l
ug/o ug(z)z2(z, 1)de

Tt / |2i(, 0)2dx (z, p)[dpdz.
It follows from (4),(5) and (9) that
Az
(Ag(tw,w) > | A — o 1 \uz ‘ dzr+

+|:,U1—"u22|—2 :|/|U4 ’d.%'-i-

L—7'1(t) [\ 9
i R N | 1)[2d
+[771 7 (0 5 /O\Zl(% )" dr+
1—75@1)  |p|] [ 9

-T2\ K2 D2dz >
%”2 ) 3| ), bl P>
R%Y 1 /l 9
[M o Mo | ) lug()|"dr+

|M2| 1 /l 2
e d
+ {m > 3 |, |ug(z)|“dr+

1-d —dy !
+ |m L / |z1(x, 1) | dx + - —‘M2| / |22(x,1)|2d1‘—
27’11 27‘21 2 0
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_Z maxy>o |7;(¢)] / / |zi(z, p)[Pdpda. (15)
= 270

From (10)-(15) we obtain that
(Ao()w,w) = 7wl (16)
It follows from (16) that
(Apy(t)w,w) > 0.

Next, we show that for every ¢t € [0,00), Ao, (t) is a maximal dissipative operator. To do
this, we will prove that for any ¢ € [0,7] and G = (g1, g, g3, g4,g5,g6)T € H, the problem

w+ Ag(t)w = G (17)

has a solution w = (u1, uy.us, us, 21, 22) € D(Ag(t)) = D(Ao(0)) .
Writing equation (16) in coordinates, we obtain the following initial-boundary value problem
for systems of equations

ur(z) —uz(z) = g1(x) )
U2<3§')+U1x$$x($) + )\111,2(.%') + Aoz (.73, 1) gQ(x)
ug(z) — us(x) = gs(a)

us(%) = Usea () + piua(@) + ppza(e,1) = ga(w) (- 0Se <L 0<p<1, (18)
21, p) + Oz (@, p) = g5(a, p)
a2l p) + 230 (0, 0) = g6(,p) )
with boundary conditions
UZ(O) :uz(l) :O,i: 1,...,4 (19)
zi(0,p) = zi(l,p), pe€(0,1), i=1,2, (21)
and initial conditions
21(z,0) = ua(z), 0 <z <1 (22)
zo(x,0) = us(z), 0 <z <L (23)

By virtue of (22), from the fifth equation of system (18), we get that

1—p7'y (1)

z1(x, p) + T'le(m)p) = gs(z, p),

z1(2,0) = w1 (z) — g1(2).

From this follows that

Z1p + 1_727%21 = g5, (24)
z1(z,0) = w1 (z) — g1(x), (25)

- t
where g5 = #(’1)@) gs-
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Solving (24), (25) we get

71 (%) 71 (t)

2= 21(z,p) = (1—pr'y (1) 710 [Ul(l’) —g1(z) +71(?) /OP (1—sm1 (1) 710" gy(a,s)ds| .

Hence, it is clear that

T1(t)

z21(x,1) = (1 =71 (1) 1@ {ur(z) — g1(x)}+

T1(t) ()

1 — 1
+(1 =1 () 10 7 (2) /O (L=s7's(8) O g5, 5)ds. (26)

Similarly, we have

To(t)

zo(w,1) = (1 =72 (1)) 2@ { uz(x) — g3(x)}+

T2 () To(t) _

1 - 1
1= )0 7,0 [ (=7 0) 70 gyt )i (#)

From (18),(26) and (27) it follows that u(z) is a solution to the following boundary value
problem

Ulzzzx (CL‘) + k1 (t)ul (55) =11, (28)

Ul (0) = u (l) = lem(o) = lex(l) =0, (29)

where
71 (t)

ki(t) =14+ X+ X (1 =71 (¢) 1 ®

T1(t)

Y= [1+M+22(1 =71 (1) 1@ g1 + go+

T1(t) T1(t)

1
FAomi (£)(1 - 71 (1)) 720 / (L= 571 (1) 710 g (, 5)ds.
0

Similarly, from (19),(20) (26) and (27), we get

—U1ze(7) + ko (t)ur(z) + (1 + p1 + p2)uy (x) = 3, (30)
u1(0) = uy1 (1) =0, (31)
where o

Y3 = [L+py+pg (1 — 72 (8) 720 g3 4 gs+

T2 () To(t)

1
+uama(t) (1 — 72 (2)) 72® / (1— s’y (t) 720 " ge(x, 8)ds.
0

We define the following bilinear form in the space V = H? x H:

! l l l
B(U, W)= / UlgeWigedT + / Uz W1zdr + K1 (t) / urwide + Ka(t) / uzwidx,
0 0 0 0

and the linear form

L(@) = <f,a> - /Ol drwrda+ /Ol Yywsda
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where @ = (u1,u3), w = (w1, wz) and § = (Y1,3 ). Let’s show that B(ua, w) and L(W) satisfy
the conditions of Lax-Milgram theorem. By using Holder’s inequality, we obtain

1 1
l 2 l 2
B (i, w) < </ |u1m|2da:> </ |w1m|2d:r> +
0 0
1 1
l 2 l 2
+</ \U3x2d:v> (/ ]ng\Qd:c> +
0 0
! 3/ 3
+ max Ky (1) </ |u1]2dx> (/ |w1]2dx> +
0<t<T 0 0
1 1
l 5 2 l 5 2
—i—oréltangkg (t) (/0 lus| dm) </0 |ws] dm) .

Thus B(u, w) is continuous, acting from V' x V to R.
Estimating from below, we obtain

l l l
B(ﬂ,ﬂ):/ ]u1m|2dﬂc+/ |U3m\2d$+m(t)/ lun [2dat
0 0 0

l
ha(t) / jusl?dz > Co [l |
0

where CU = min{l, minOStST K1 (t) ; minogtST ) (t)}

On the other hand,
!
/ P3wsdx
0

! S 3 ! 5/ 3
(/0 ]1/11]2dx> (/0 ]w1]2dx> +</0 \wg\de) (/0 ]w3\2dx> .

Thus, the bilinear form B and the linear functional L satisfy the conditions of the Lax-
Milgram theorem (Evans, 2010). So, there exists a unique @ = (uy,u3) € H? x H! satisfying

+ <1
-2

l
()| < ] [ prnda

B(i, @) = L(w), Y @e H?xH". (32)
Consequently, us = uy — f1 € fI2, Uy =us — fg € H! and
21 ('7 P) ) 22 (7p) y %lp ('7 P) y 22p ('a p) € L2(07 l)

Using (27) and (28), we get 21 (-, p), 22 (-, p) € L2((0,1) x (0,1)). Thus, (17) has a unique solution
W= (Ul, u27u37u47 Zlyz2)T c H D

Lemma 2. The linear operator Ay(t) is strongly continuously differentiable.

Proof. Let w = (u1, ug,us,us, z1,2)" € D(Ap(0)). Then from the definition of Ag(t) we get

0
0
0
Alo(tw = 0
—p7" ()T (t)—[1—pT’ (¢
et (1) 17(12)(t)[ Pty ( )]le
—p7" ()2 (1) —[1—p7’5(1)] P
3 (1) 2
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From this we have

Loply - - 5
HA/O(t)wHi‘:/o /0 e 1(22@)[1 T OL, . p)| dodp+
Lot —pry () m(t) — [L — pr'y ()] 2
+/0 /o 72(t) zop(z, p)| dxdp <

—pt" () (t) — [1 = pr'y ()]
Tt (1)

2 1 pl ;
. / / [21p(@, p)Pdadp <
0 0

2
—pry ) = [L-pra @] g
< max 20 -/0 /0 | 220 (%P)|2d:€dl)§

1 l 1 l
< M{ /0 /0 (21 p) Pddp + /0 /0 l2ay (2, ) [Pdadp),

where

—pt" ) u(t) —[1 = pr'y ()]
T (1)

M = max
0<t<T

Using the definition of the norm in the space H and Lemma 2, we obtain that
| 450]|,, < cllao@wll.
Lemma 3. The nonlinear operator Ai(-) satisfy Lipschitz condition.
Proof. Since |[a], — [B],| < |a — ], for any «a, B, we get
[Ar(wa) — Av(wi)ll 3y < llwz —will 4
The definition of G(-) also implies the following assertion.

Lemma 4. G(-) € W3(0,T; H)

According to Lemma 1-4, the operator A (t) + A; (-) and the function G(t) satisfy all con-
ditions of the theorems on the existence and uniqueness of solutions to the Cauchy problem for

operator differential equations (Kato, 1985; Showalter, 1997; Barbu, 1976).
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