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1 Introduction

Functional differential equations, which provide mathematical models for real-world problems
have been investigated by many scientists (Hernandez & Henriquez, 1998; Hale & Lunel, 1993;
Hale, 1971; Kolmanovskii & Myshkis, 1992; Kolmanovskii & Nosov 1986).

Delay differential equations are universal phenomena on applied their models in engineering
systems to behave like a real process (Vlasov & Rautian, 2006; Bhalekar & Patade, 2016;
Srividhyaa & Gopinathan, 2006; Sriram & Gopinathan, 2004). Initial conditions in one point
are not enough to get the solution of delay differential equations. In the first time Falbo (2013)
in an experiment measuring the population growth of a species of water fleas, Nisbet in his study
he tried to use delay differential model. He clarified the form of population equation in

N'(t) = aN(t — d) + bN(t).

The obstacle in his investigation was that he did not have enough information about reasonable
history function N(t) on [—d,0] to get solution of this problem. He reversed time to get the
solution of functional differential equations. He used time reversal in order to seek the population
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before the initial time ¢ = 0 (Nesbit, 1997). An involutory differential equation is a type of
equation and time reversal problem is a specal case from it. It is called an involutory differential
equation, if it is involving unknown function y at ¢t and d — ¢.

Functional differential equations with involution has been studied in Przeworska-Rolewicz
(1973); Wiener (1993); Cabada & Tojo, (2015); Ashyralyev & Abdalmohammed (2020); Ashyra-
lyev et al. (2021).

In Cabada & Tojo (2015) involution differential equation studies through those discoveries
related to Green’s functions. They investigated the theory of Green’s functions for functional
differential equations with involutions in the simplest cases: order one problems with constant
coefficients and reflection. Here they solve the problem with different boundary conditions,
studying the specific characteristics which appear when considering periodic, anti-periodic, ini-
tial, or arbitrary boundary conditions. Computing explicitly the Green’s function for a problem
with nonconstant coefficients is not simple, not even in the case of ordinary differential equa-
tions. They presented a double trick. First, they reduce the case of a general involution to
the case of the reflection and then they use a special change of variable that allows obtaining
of the Green’s function of problems with nonconstant coefficients from the Green’s functions of
constant-coefficient analogs.

In Ashyralyev et al. (2021), the boundedness of the solution of the initial value problem

y'(t) = f(t, 9 (t),y(t), y(u(t), t € I,y(to) = yo, ¥ (to) = vo (1)

for the second order ordinary differential equation with damping term and involution was inves-
tigated. Here and in future u(t) is involution function, that is u(u(t)) = ¢, and tg is a fixed point
of w and I = (—o0,00). Problem does not seem to yield directly to any techniques that for
ordinary differential equations without involution term can be used them in (). Therefore, the
second order linear differential equations with involution was considered. The equivalent initial
value problem for the fourth order ordinary differential equations to the initial value problem for
second order linear differential equations with damping term and involution was obtained. The
theorem on stability estimates for the solution of the initial value problem for the second order
ordinary linear differential equation with involution is proved. The theorem on existence and
uniqueness of bounded solution of initial value problem for the second order nonlinear ordinary
differential equation with damping term and involution was established.

Presently, spectral questions of differential equations with involution were studied in Baskakov
et al. (2017; 2019; 2020); Garkavenko et al. (2020); Aliev et al. (2013); Granilshchikova et al.
(2022); Kritskov et al. (2019); Sarsenbi et al. (2021); Turmetov et al. (2021); Turmetov &
Karachik (2021); Vladykina et al., (2019). In Sarsenbi et al. (2021) a definition of Green’s
function of the general boundary value problems for non-self-adjoint second order differential
equation with involution was given. The sufficient conditions for the basis property of system of
eigenfunctions are established in the terms of the boundary conditions. Uniform equiconvergence
of spectral expansions related to the second-order differential equations with involution

() + o (=) + a(Oy(t) = My(t), ~1 <t < 1,

with the boundary conditions y'(—1) 4+ by(—1) = 0,4'(1) 4+ dy(1) = 0 was obtained.

Delay hyperbolic and telegraph differential equations has been investigated in several papers
(Ashyralyev & Agirseven, 2019; Zhang & Zhang, 2014; Prakash & Harikrishnan, 2012; Ashyra-
lyev & Sobolevskii, 2004; Ashyralyev & Sarsenbi, 2017). Partial differential equations with delay
and involution terms have deeply different properties of solutions then without involution terms
(Ashyralyev & Abdalmohammed, 2021a; 2021b). Therefore, it is important to study properties
of partial differential equations with involution.

The main aim of the present paper is to study the stability of the solution of the initial value
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problem for telegraph type involutely partial differential equation

821{;&3” + aaug;’x) — QUgy (t,7) — bug, (—t,x) = g(t,z), t, x €I, o)
u(0,2) = p(z), w(0,2) = ¥(z), z € 1.
Here g(t,x) (t,z € I) and ¢(x), ¥(x) (z € I) are given smooth and bounded functions and
]b]<a,%2<a§%2+g—22,a20.
2 Stability of problem(2)
Problem can be written as abstract initial value problem
Pull) 1 o0 | g Au(t) + bAu(—t) = g(t), te I o

u(0) = o, u/(0) =

in a Banach space C(I) of all continuous bounded functions f(z) defined on I with norm
1fllery = sup [ f(2)]-
xzel

Here, positive operator A defined by the formula
Au = —u"(x)

with domain D(A) = {u: u(z), v’ (z) € C(I)}, g(t) = g(t,z) and u(t) = u(t, z) are known and
unknown abstract functions with values in C(I) and ¢ = ¢(x), ©» = ¥(z) are unknown elements
of C'(I). The normed space C1(I) is the all continuous real-valud functions f(z) on I and norm
defined by

Iflley ) = / ()| da.

Theorem 1. Assume that |b] < a,0 < «, a € (0‘72, %2 + 2—22] Let g(t) be a smooth and bounded
abstract functions on I and g(t), gi(t), gu(t) € C1(I) and g(t), p,¢» € D(A), then the problem
(@) is equivalent to the following initial value problem

[ D 4 (20— a2) ATHD 4 (a2 —12) A% () = F(1),

F(t) = aAg(t) — bAg(—t) — agi(t) + gu(t), t € I,

(4)
u(0) = ¢, W'(0) =1, u”(0) = —(a+0b) Ap — ay) + g(0),
u” (0) = (—a +b) Ay + a (a + b) Ap + a2 + g:(0) — ag(0)
for the fourth order ordinary differential equation in a Banach space C(I).
Proof. Differentiating the equation with respect to t, we get
d3u (t) d?u (t)
WIE +a e + aAu’ (t) — bAY (—t) = gi(t), (5)
dhu (t d3u (t
u(t) W) Lo Au (8) + AW (—t) = gu(t). (6)

at Y as
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Using these equations and initial condition and equation in problem , we get

u(0) = ¢, u'(0) =1,
u”(0) = — (a+b) Ap — ay + g(0),
u" (0) = — (a — b) A + a (a + b) Ap + a? + g,(0) — ag(0).

Putting —t instead of ¢ equation , we get
ug(—t) + auy(—t) + aAu (—t) + bAu (t) = g(—t).

Applying equations , @ and , we get

d*u (t) ta
dt* dt3

d3u (t) d?u (t)
+aA 2

FbA[—a (—t) — adu (—t) — bAu (1) + g(~t)] = gult),
- du (1) du(t) aAu (t) + g(t).

bAu (—t) = a2 a—

From these equations it follows equation

d*u (t) d3u (t) d?u (t)
a1 A

dt
dBu (t d>u (t du (t
+a [— dt§ ) — dt2( ) —aA di ) +gt(t)]
2’LL U
+aA [d dtf) +a? df) b adu(t) - g(t)} A% ()

= —bAg(—1t) + gu(t)

+ (2a — a2) AdiZQ(t) + (az - b2) A2 (t)

= adAg(t) — bAg(—1t) — ag(t) + gu(t).

or
d*u (t)
dt*

So, the problem is presented. Now, we will get from . Denote that

L(t) = dz;(t) + O‘dia(tt) +adu () + bAu(—t) — g(t), t € I.

/

It is easy to see that L(t) is the solution of the following problem
L' (t) + aL'(t) + aAL(t) + bAL(—t) = 0, t € I, L(0) =0, L'(0) = 0.

From that it follows L(t) = 0.
Now we will obtain solution of the initial value problem . It is easy to see that

dlu 1) + (2a — ag) Adizy) + (a2 — b2) A2 (t)

dtt
d2 d2
= < + q2A> (dtg —|—p2A> u(t),

dt?
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where

2 4 2 4
P’ = (a—O;+\/—aa2+O;+b2>,q2: (a—O;—\/—aaQJrO;er?).

Therefore, problem can be written as abstract initial value problem
(& +p2A) u(t) = (1), u(0) =, w/(0) =,
2
(% + qu> o(t) = F(t),
F(t) = aAg(t) — bAg(—t) — agi(t) + gu(t), t € 1,

v(0) = (=b—a+p*) Ap — arp + g(0),

v'(0) = a(a+b) Ap + (b — a+p*) Ay + a? — ag(0) + ¢'(0)

for the system of second order abstract differential equations in a Banach space C(I). Problem

@ can be written as initial value problem

9%u(t,x)
ot?

U(O,JI) = SD(‘T)7 ut(O,:I:) = 1/)(‘77)7 zel,

— PPUgy (L) =0 (t,2), t, €1,

21) X
% — PV (t,2) = F(t, 2),
F(t7 33) = _ag:rw(ta $) + ngm(_ta .fL') + gtt(t7 33) - Oégt(t, .fL'), ta VS I7
v(0,x) = (b +a— p2) Yzz(x) — atp(x) + ¢g(0, ),
Ut(oa $) =~ (CL + b) Prx (fL‘)
— (b —a-+ p2) Ve (z) + a?P(x) — ag(0,2) + ¢'(0,2), z € T
for the system of telegraph equations. Applying the d’Alembert’s formula, we get
1
u(t,z) = 5 (p(a +pt) + oz —pt))
. z+pt . t z+p(t—7)
i [woder g [ [ wngaar,
z—pt 0 z—p(t—)
1
v(t,z) =3 [(b+a—p?) pualz + qt) — app(z + qt) + g(0,z + qt)
+(b+a—p*) @ue (x — qt) — ot (x — qt)] + g(0, 2 — qt)
) z+qt
tog | [Felatten() —(b-a+ P%) han(A) + a®P(A) — ag(0,A) + ¢'(0, A)] dA
r—qt
) t z+q(t—r)
+2q/ F(r,\)d\dr.
0 z—q(t—r)
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Applying formulas and , we get

x+pt
u(ta) = (pla )+ —pt) + o [ 0O (13)
x—pt
. t x+p(t—7)1
v [ ] 3l a= i) el o+ ar) - avié +ar)
0 aplt—)

+(b+a—p®) pee (€ — qr) — atp (€ — q7)] dédr

z+p(t—7) E4qT

+/t4\/a21ﬁ / / [~ (a +b) pax(V)

0 x—p(t—T) §—qT

— (b—a+p*) Laa(A) + a?P(N)] drdédr

o [ S0k an) 4 g0, — an)dedr

z+p(t—7) E4qT

1 /
0 z—p(t—7) E—qT
t ) z+p(t—7) 7 &+a(r—r)

0 z—p(t—7) 0 £—q(r—7)

~+

2 2

Theorem 2. Assume that |b] < a,0 < o, a € (%, + 2—22] Let g(t,z) € C(I x I),g(t,x) €
Ci(I x I) and o(x), 0z (x), oz (x),¥(z) € C1(1),¥(x), e (x) € C(I) and

[t| z4+p(|t|]—7)+qT [t| z4+p(|t|—7) E+qT
19(0, 2)| dzdr, / / / ()| dAdédr,
0 z—p(|t|—7)—qr 0 z—p(Jt|—7) E—qT

e
/ ‘g(f PN ,)\)‘ dNdedr,

0 z—p(Jt|—7) E—qT 1
1) a7 +ar -
(V)| dAdr, / l9(t, 2)] dyda < o0

0 z—p(|t|-7)—gr —0

for any t,x € I.Then, for solutions of problem (@ we have following stability estimates

sup [u(t, )| < Mi(a,b) {zlél;w(«’v) + / [ (y)ldy

txel
0o 00 [t| z+p(|t|—7)+qT
+ [ [lswadyiz s [ [ jgt0.)]dzar
txel
—00 —00 0 z—p(|¢t|—7)—qT
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[t| z+p([t|=7) E+q7

M_Z e(@)ldr + o sup [ ] wwlaier

0 a—p(Jt|—7) §—q
|t| 2+p(|t|—7) E+qr .
+a sup / / ‘g(T—q|£—)\,)\)'d/\d§dT

txel
0 z—p(Jt|—T1)€E—qT

[t z+p([t|—7)+q7

+a sup / |(2)|dzdr |, (14)

txel
0 z—p(|t|-7)—gqr

sup ug(t, 2)| + sup [ua(t, z)| < Ma(a,b) [sup 0a(@)] + sup [$(2)
txel txel zel zel

00 [t| z4+p(|t|]—7)+qT
+sup / 1909, 2)| dz + a® sup / p(2)| dzdr
—0o0

yel taxel
0 z—p(|t|-7)—g7

+a_/ Bl d -+ asuplp(a)| + / / 9y, @) dydz | | (15)

—00 —O0

sup |uw(t, )| + sup |uge(t, )| + sup |uw(t, )|
txel txel txel

< Ms(a,b) [sul; |paa ()] +sup e (@)] + sup |g(t, 2)]
S re

txel
tasup [9(2)] + asup |pa(@)] + o2 / ()l dy + o / suplg(y, @)|dz| . (16)
xzel zel s e yel

Throughout the present paper, M denotes positive constants, which may differ in time and thus
is not a subject of precision. However, we will use M (v, (3, ...) to stress the fact that the constant

depends only on «a, S, ....

Proof. We have that
u(t) = Ji(t,x) + Jo(t, x) + J3(t, x) + Ja(t, z),

where o
It ) = = (9l + pb) + (@ — pl)) + — /p¢(£)d§
1(t,2) =5 (plz+pt) + oz —p w /. :
z—p
) t 9c+:0(t—7)1
Rita) =0 [ [ 510+ a=5) peclé+ar) — vl + ar)
0 z—p(t-7)
+ (b+a—p?) pee (€ — q7) — a (€ — q7)] dédr,
t . z+p(t—7) E+qr
J3(t,:L’) :/4 m / / [_a (a+b) (PA)\()‘)
0 z—p(t—7) {—qT

— (b= a+p*) Yan(N) + ap(N)] drdédr,
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z+p(t—7) 17 {+q(r—T)

/t VaZ — b2 / / / F(r, \)d\drd&dr

z—p(t—7) 0 €—q(T—7)
t z+p(t—T)
1 /
2p
0 (t—
x

p/
t +p(t—7) E+qT

+/ 4a21—b2 / /[—ag(OAHg’(O,A)] dAdédr.
0

z—p(t—7) E—qT

9(0,& +q7) +9(0,&§ — q7)] dédr

Tr— p 7'

We prove estimate . We will estimate Ji(t,x), k = 1,2,3,4, separately. Applying the
triangle inequality, we get

[J1(t, 2)| < Mii(a,b) [Sup lp(2)] + / % (y) dy] (17)
for any ¢, x € I. Now, let us estimate Jo(t, ). We have that
t GCer(t—T)1
[ 5t an voele - ardsar
0 z—p(t—7)

N | =

/ (Potpt—m) @+t =T) +47) + Poip—r) (€ +p(t —T) — 7))
0

— (Campit—ry (@ =Pt = T) + q7) + Qu_p—r) (& —p(t = 7) — q7))] d7

=;[¢<x+pt>+@<xpt>so<x+qt> )

Then ; )
Jo(t,2) = (+2p;p) @ +ph)+o@—pt) —pa+a) —pl@—a)]  (18)
t z+p(t—T)
(6
o | wera - amdear
0 z—p(t—7)

Applying the triangle inequality, we get
[t| z+p([t|=7)+qT
Aot ) < Miolas) [suple@) +a [ [ ()| dadr (19)
S

0 a—p(|t|-7)—qr
for any ¢, € I. Third, let us estimate J3(¢,x) . It is easy to see that

t x+p(t—T)

/ (Perar(€ +qr) — Pe_gr(€ — qr)) dédr (20)

0 z—p(t—7)

a(a+b)

J3(t,l’) = _4m

t x+p(t—T7)

2
it / Woesgr (€ + qr) — de_gr (€ — qr)) dédr
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t +p(t—7) E+qr
wm/ / (N dAdedr
0 z—p(t—7)&§—qr

t

a(a+0b)
== [ p@+p(t—7)+q7) —p(x —p({t—1T)+qr)
4\/@271920
—p(x+p(t—71)—qr)+olx—pt—7)—qr)dr
bra-p (x+pt—7)+qr) =@ —p(t—7)+qr)
4\/a2—b2 0/

—p(x+p(t—7)—qr) +p(x—p(t—7)—qr)]dr
t otp(t—T) E+qr

1 m / / P(\)dAdédr.

0 z—p(t—7)&—qr

Applying the triangle inequality, we get
o0
| J3(t, )| < Mas(a,b) {/ ()| dz
— O

o |t] a+p([t|—7) E+qr
+a/|<p(x)|d:c+a2/ / / [p(N)| dAdEdT
0 z—p(Jt|—7) E—qT

for any t, x € I. We have that

t z+p(t—7) 7 E+q(r—r)

Nﬁ/ / / [—agan(r, A) + bgar(—r, \)] dAdrdedr

0 a—plt—r) O &=plr—r)

J4 (t, .%') =

t z+p(t—7) 7 E+q(T—7)

+4ﬁ / / / [grr(r, A) — gy (1, )] dAdrdédr

0 aplt—r) 0 e-p{r—)
1 1
= / / L1906 + a7) + 9(0, — g7 dedr

t a+p(t—T) E+q7

+/ 4a21—b2 / /[—ag(O,AHg’(O,A)] dAddr.
0

z—p(t—7) E—qT
Applying formulas
T E+q(T—r) 5
a
[—agx(r, ) + b (=7, \)] dAdr = ?9(77 £)
0 &—q(r—r)

_a—b

(9(0,€ + pr) + 9(0,€ — pr)) - 2;’9<—T,f>,
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7 &t+q(T—r)
[97+(7, A) — agr(r, )] dAdr
0 £—q(r—r)
¢ 56N
/ / [grr (1, N) — agr (7, X)] dNdr
¢—qr 0

Egr THg(E=X)
+ / / [grr (Tv >\) — Qg (7", )\)] d\dr

¢ 0
= 2qg(7,€) — q9(0,& — q7) — qg(0,& + q7)
E+qr E+qt E+qr .
- / 7 (0,\) d\ + o / g(0,)\) d\ — / 97— |E= Al )
E—qr E—qr E—qr
we get
. t z4p(t—T) 5
a
e =g [ [ oo
0 z—p(t—7)
a—2>b 2b
I (60,64 5m) + 9006 — ) - Zg(. s)] dédr
) t x+p(t—T)
+m/ / [249(7:€) = 49(0,€ — g7) — q9(0,& + g7)] dEdr
0 z—p(t—7)
. t :v+p(t*7)1
s [ Sl e g0, - ar) dcar
0 z—p(t—7)

t +p(t—T) E+qr )
/ g(t — =& — A\, N\)dAd¢dr. (22)
q

0 z—p(t—7)&§—qr

(07

_4\/ a? — b?

Applying the triangle inequality, we get

—00 —00

|Ja(t, )| < Mys(a,b) {/ / lg(y, x)| dydx

[t| z+p(|t|—7)+qT
—I-/ / |g(0, 2)| dzdT

0 z—p(|t|-7)—q

[t] e+p(|t|=7) E+qT

wf [

0 z—p([t|-7) E~a7

g — (11 €= ,)\)‘ drdedr (23)

for any t, x € I. Combining the estimates for Ji(¢,z),k = 1,2,3,4, we obtain estimate ([14]).
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Now, we prove estimate . We will estimate Jy¢+(t,z) and Jy »(t,x), k = 1,2,3,4, sepa-
rately. First, we start with estimates for Jy ;(¢,z) and Jy 5(t, x). We have that

Jl’t(t, x)
P 1
=5 (Potpt(z +pt) — papt(z = pt)) + 5 [Y(z +pt) + (2 —pt)], (24)
Jl,x(ta l')
1 1
= 5 (Papt (T +pt) + pape(z = pt)) + » [¥(x + pt) — p(z —pt)]. (25)
Applying the triangle inequality, we get
| St ), [J1a(t @) < Mai(a,b) Sup pu ()] + sup ¥ ()] (26)
S xre

for any t, x € I. Second, let us estimate Jy4(¢,2) and Jo,(t,x). Applying the fomnula7 we

get
b+a—p?
(2])2) [Py pt(x + pt) (27)

—PPr—pt (l‘ - pt) — 4Pz+qt (x + qt) + qPa—qt ((L‘ - qt)]

J27t (t, .%') =

—fp/[pw(:wp(t—f)+q¢)+p(m+p(t—7>—qT)
+p(x —p(t—7)+qr) +p(x —p(t — 1) —qr)]dr

(b +a— ) {
2p?
+Pr—pt (l' - pt) — Prtqt (-T + qt) + Pr—qt (l' - qt)]

Joo(t,z) = atpt(T + pt) (28)

t
Zf;/ Y@+pt—7)+qr)+¥ (@ +pt—T7)—qr)
0

(@ —pt—7)+qr)+U(x—p(t—7)—qr)dr
Applying the triangle inequality, we get

Tas(t) s [Taa(t.2)] < Man(a8) |sup (o) + o / ()] dy (20)

for any t, « € I. Third, let us estimate Js3 (¢, z) and J3 (¢, z).Applying the formula, we get

elt,) = =S P (oot at) + ol —at) = pla -+ 1) = ol = 1)
oL (ol at) + pla — at) — ol + pt) — ol — pi) (30)
a2
O [ (gt at) + 0l ) o+ ) — 6l 1)
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+p%q (Y(z +qt) + Pz — qt) — (x + pt) — (z — pt))

t | z+p(t—7)+qr z—p(t—T7)+qT
PY(A)dN\ + / W(N)dA| dr,

x+p(t—T7)—qT z—p(t—7)—qT

pa?

_i_i
4v/a? — b? )

_afa+b) [ 1
4va? -0 [p+q

+pp%q (=@ +qt) + ¢z — qt) + ¢z + pt) — (z — Pt))}
e
4/a2 - b2 |p+q
p

L (g at) + e — ) + 0+ pt) — o pt»}

J37x (t, m) =

(= +qt) + (z = gt) = p(z +pt) + p(z - pt))

(—=(x + qt) +(x — qt) — Pz + pt) +P(z — pt))

t | a+p(t—7)+qr x—p(t—T)+qr
PY(A)dN — / Y(AN)dA| dr. (31)

x+p(t—T7)—qT c—p(t—7)—qT

o2
+7
4v/a? — b2 )
Applying the triangle inequality, we get

|J37t(t7x)| ) |J3,Z(ta IL‘)|

[t] x+p([t|—7)+q7

< Mas(a,b) | arsup o(2)] + sup [1:(z)] + o / / p(€)| dedr (32)
xel xel 9 xip(|t|77)7q7_

for any ¢, x € I. Fourth, let us estimate Jy,(¢,x) and Jy,(t,z). Applying formula ,We get

p

o= e

/[(2(1+2q) lg(r,a+p(t—7)) +g(r.a —p(t— 7))
0

_qu (=2 +pt—7))+g(—T,x —p(t —7))]

_ (a;b+Q> 9(0, +p(t —7) —gr) + g(0,2 —p(t —7) —q7)] | dr

+1/[g(O,:c+p(t—T)—i—q7’)—i—g(0,x—p(t—7’)+q7)

0
+9(0,x24+p(t—7)—qr)+ 90,2 —p(t —7) —gq7)] dT

t | z+p(t—7)+q7

ap 1
SR T—lz4pt—1)—A,Nd\
472_172/ 9( q\ p(t—=7) = A A)

0 |z+p(t—T7)—qr
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z—p(t—7)+q7
+ / g =Lz —pt—m) = A, N)dr| dr, (33)
z—p(t—7)—qT 1
J4 w(t :IT) — #
’ 4v/a? — b2

x![( +%> g(ra+p(t—7) = glria—p(t— 7))

?m<rx+p@—7» g(—7.2—p(t— 7))

_ (a;bJrq) [9(0,2 +p(t —7) +q7) — g(0,2 —p(t — 7) + q7)]

_ (a;b+Q> [9(0,2+p(t—7) —q7) —g(0,2 —p(t —7) —q7)]| dr

+1/b@w+p@—ﬂ+nﬂ—g&w—p@—ﬂ+nﬂ

0
+9(0, 2 4+p(t—7) —qr) —g(0,x —p(t — 1) — q7)] dT

t | z+p(t—7)+q7

o 1
— — Szt pt—7) = A, A)dA
i a2_b20/ / g(r = letpt=7)= AL

z+p(t—7)—qr
—p(t—r)+qr
_ /) gﬁ—i@—p@—ﬂ—ALMM dr. (34)
z—p(t—7)—qT

Applying the triangle inequality, we get

[Jaa(t, )], [ a0 (t, )|

< Ms4(a,b) sup/lgy, !d:v+04//|gy, )| dydax (35)

yG]
-0 —O0

for any t, € I. Combining the estimates for Jj +(t,x) and Jy .(t, ),k = 1,2,3,4, we obtain
estimate ((15]).

Now, we will prove estimate . We will estimate Ji (¢, x), Jiiz(t,x) and Jy zo(t, ),
k = 1,2,3,4, separately. First, we will estimate Jy 4 (t,z), Ji(t,z) and Jy z.(t, ). Using
formulas , and taking the derivative, we get

2
Jl,tt (ta l‘) = % (@x-ﬁ-pt@-ﬁ-pt ($ + pt) + ©r—ptx—pt (x - pt))
p
+§ [¢x+pt(ﬂf + pt) - wx—pt (37 - pt)] 5
Jl,t:v (ta l') =

p
5 (Patpt,atpt (T + Pt) — Po—ptz—pt(x — pt))
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L gl ) + el )],

(Patptztpt(T + Pt) + Ooptzipt(z — pt))

N[

Jl,xx (t, ‘T) =
o Wt (o + p1) ~ Vel — ).

Applying the triangle inequality, we get
’J1,tt(ta 'T)| ) |Jl,tx(t, ﬂf)’ ) |Jl,xl“(t7 $)|

< M3i(a,b) |sup [@ue ()| + sup [¢s ()| (36)
zel zel

for any t, x € I. Second, we estimate Jy (¢, ), J2 12 (t, z) and Jz 44 (t, x). Using formulas ,
(25) and taking the derivative, we get

(bta—p)

92 [p2 Pt pt,ztpt (T + pt)

Jou(t,x) =

+p2Wr—pt,x—pt (I’ - pt) - q290x+qt,:r+qt (-T + qt) - q290x—qt,:p—qt (-T - qt)]
(6%
5 [pY(z + pt) + p(z — qt) + pY(z + gt) + py(z — qt)]

t

—% / [P°Yaip(t—ryrqr (@ +p(t = T) +q7) + p*(z +p(t — ) — q7)

0
_pzwz‘—p(t—T)-‘r(JT(x -p (t - T) + qT) + p2¢x—p(t—7)—q7(x —-p (t - T) - QT)] dr
b+a—p?
= (2172) [D°Cusptatpt(x + pt)
+p290xfpt,:pfpt (33 - pt) - q290x+qt,x+qt (51: + qt) - qap:}c*qt,qut (l‘ - qt)]

—% [P (@ + pt) + pib(x — qt) + (@ + gt) + pio(a — qt)]

« P p
T4 Tpig (V(x +qt) = ¥(z + pt)) — ptaq (Y(z —qt) — Y(x + pt))

p p

R (U(z +qt) —¥(z —pt)) + p— (V(x —qt) —¥(z —pt))|,
a— 2

(b—i-2pr) [PPatptotpt(T + pt)

—PPr—pt,x—pt (1; - pt) - Q‘Pm-‘rqt,x-&-qt(m + qt) — qPr—qt,x—qt («T - qt)]

J2,xt(t7 1') =

t
[0
_Z / [¢x+p(t—7’)+q7’ (ZL’ +p (t - T) + qT) + wx—i-p(t—r)—qT (56 +p (t - T) - qT)
0

_’_wm—p(t—ﬂ-)—i-qT(33 -p (t - T) + qT) - wr—p(t—T)—qT (33 -p (t - T) - QT)] dr

b+a—p?
= (22)2) [Pz+ptatpt (T + pt)

_pQOm—pt,:c—pt (x - pt) - q‘Pm-‘rqt,m-&-qt(x + qt) - QSpac—qt,ac—qt (1‘ - qt)]
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o 1 1
v (U(z + qt) — p(z + pt)) — P (¥ (z —qt) — ¢ (z + pt))
+p+qwu+qw—wu—m»—piqw@F@w—w@—pm
a — 2
Jo e (t, x) = (b—i-2p2p) [‘Pm+pt,m+pt<33 + pt)

—Pr—ptx—pt (-T - pt) — Px+qt,x+qt (55 + qt) + ‘P:c—qtﬂz—qt(x - qt)]

t

«

" 4p / [Vatpt—r)tqr(@+D(E—=T) +q7) + Ypip—r)—gr (€ +p(t —T) — qT)
0

_wz—p(t—T)—I—qT (x -Dp (t - T) + qT) + dja:—p(t—T)—qT (l‘ -D (t - T) - qT)] dr

b+a—p?
= (2292) [Patptatpt (@ + pt)
_Sox—pt,a;—pt (37 - pt) - pr-l-qt,x-i-qt (LU + qt) + (Pm—qt,x—qt(x - qt)]
« 1 1
—— Y@ +qt) =YY@ +pt) — —— W (v —qt) =Y (x+pt
b | Ty Wt at) — U4 pt) — o (e~ at) — o+ )

1 1
——— (W(x+qt) —Y(x —pt)) + —— (¥ (v — qt) — ¢ (x — pt ]
(Wl at) — Ul — ph) + (U (&~ at) — ¥ (1)
Applying the triangle inequality, we get

’J2,tt(ta 1‘)| s |J27t$(t7$)| ) |J27$$(t>x)|

< Ma(a,b) sup\¢xx@»|+-asup|w<xn]
xel x€l

for any t, € I. Third, we estimate J3 4 (t, ), J3 1 (t, ) and J3 4. (¢, z). Using formulas ,
and taking the derivative, we get

a(a+0b)

Toatlt ) = g

p
X [erq (@Pz1qt(T + qt) = qPz—qt(x — qt) — PPzipt (T + Dt) + PPz—pt(x — pt))

P
L (0Pz+qt(T + qt) — @pa—q(z — qt) — poaipt(x + pt) + PPo—p(T — pt))]

N
8 [piq (@w+qt (2 +qt) = q¥ha—qu( = qt) = pthwspe (€ + pt) + PPo—pi(z — pt))
+]ﬁ (@Vgsqt(z + qt) — qu_gi(x — qt) — poipt(z + pt) + phg_pe(x — pt)):|
2 what 2 2 !
*2\/% / BN+ — Wz +pt—r7)+qr)

4v/a? — b? )

r—qt

Y@ +pt—7)—qr) =Y —pEt—7)+q7) + (@ —p(t—7)—qr)]dr,
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| (Gl + 40+ oo~ ) = ai(o + 1) = oo~ 1)
+p%q (Pr+qt(x + qt) + Poqr (T = qt) = Puipt( + Pt) = Prpi(7 — pt))]
(b—a+p?)
4a? — b2
[ v 40+ oo 1) — el + 1) = - = 1)

+p%q (¢z+qt($ + qt) + wm_qt(x — qt) — ¢z+pt($ + pt) — wm—pt(qf _ pt))]

4 72_132/ (x+pt—7)+qr)

Y@ +pt—7)—qr) Y@ —pEt—7)+q7) +Y(@—p(t—7)—qr)ldr,
a(a+b)

Toaalls?) = Vg

1
X |:p T4 (¢x+qt(x + qt) + Pz— qt(x - qt) @m—kpt(l' -l—pt) - (Pr—pt(x - pt))

+p%q ((P;p+qt(l' + qt) + Soqut(fﬂ - qt) — C,Ox+pt(l' + pt) — ‘szpt(l' — pt)):|
_(atp)
4/a? —b?
x [pj_q (Varqt(x + qt) + Yo—gt (¥ — qt) — Yoqpt(x + pt) — Yo—pt(z — pt))

+ﬁ (w:(;-&-qt(l‘ + qt) + wx_qt(x — qt) — wx-&-pt(l’ + pt) — ¢x—pt($ _ pt)):|

4 a2—b2/ (x+p(t—7)+qr)
—px+pt—7)—qr) —Pl@—pt—7)+qr) +¢(x—p(t—7)—qr)]dr.

Applying the triangle inequality, we get

|J3.0e(t, )| | J3,0a(t, )|, |J30a(t, x)| < Msz(a,b) {SUI; Ve ()]
xe

2
rasplen(o) +a* 4 ¢<m>dx] (37)

for any ¢, € I. Fourth, we estimate Jy 4 (t, ), Jat2(t, ) and Jy z,(t, ). Using formulas (33,
(34) and taking the derivative, we get
! [<2a+2> 900,z + pt) + g(0, 2 — pt)]
=—— || — , T T —
wvap |\ T2l pt)+g p
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-
-

—-b
4

—2qbp [9(0, 2 +pt) + g(0,z — pt)] — (aq +q+ 1) 29(0, 2 + qt)

_|_

_pp+ . (90,2 + qt) — 9(0,2 + pt)] — —2— [g(0,x + qt) — g0,z — pt)]]

pP+q

a—> 1
_ e _
( . +q+4> [29(0, 2 — qt)

b b
+—— 90,z — qt) — g(0,x + pt)| — —— [g(0,x — qt —gO,x—pt}
p_q[( ) —g( )l p+q[( ) —g( )l
z+qt
t—f AL, A)dA
2\/a2 b2 /t [z =12
z—q

4m/ (0,2 +p(t—7)+qr) — g(0.2 +p (t—7) — g7)

—9(0,z —p(t—7)+qr) +9(0,x +p(t —7) —qr)]dr,

Jata(t, ) = 4\/@217b2 [(2; +2q ;[9(0,x+pt) —9(0,z — pt)]
2b a—b 1 1
g 0w P~ g0z =) - <q+Q+4> [—p+q

[9(0,z + qt) — g(0,z + pt)] + —— [9(0, 2 + gt) g(O,wpt)]}

<[o(0, — at) — 90,2+ p0)] + 1 [9(0.— at) — g(0. - ptﬂ

_Nc%o/[g(o,ﬁp(t—f%rw)—9(079«“+P(t—7)_q7)

J4,:c:c(tu $)

1

+9(0,z —p(t —7)+q1) = g(0,x +p(t — 7) — q7)] dT,

1 2a
A — 2 K + 2q> [—2g(t,z) + g(0, 2 + pt) + g(0, 2 — pt)]

2qb[ 29(—t,x) + g(0,z + pt) + g(0,x — pt)]

a—>b 1 1
. +q> [_p+q (9(075”“‘(10—9(0715-1-1)75))—})_'_(](g(O,x+qt)—g(0,$—pt))]

¢ ; b + q> [_p—lw (9(0,2 — qt) — g(0,z + pt)) — L (9(0,2 —qt) — g(0, —pt))]

p—q

% [_pﬂ] (9(0,2 + qt) — g(0,2 + pt)) — L(g(o,achqt) —9(0,z — pt))

1

ptg

p+q

(9(0,z —qt) — g(0,z + pt)) — plq (9(0,z — qt) — g(0, 2 — pt))}
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_Nc%o/[g(o,ﬁp(t—fqu?)—9(07w+p(t—7>_q7)

+9(0,z —p(t—71)4+qr) — g0,z +p(t — 1) — q7)] dT.

Applying the triangle inequality, we get

[ ot 2)|s |Japalt 2)], [ Jaga(t, 2)| < Mas(a,b) | sup |g(t, )]

txel
o0
+a [ swlg(y.o)]ds (39)
yel
— o0
for any t, € I. Combining the estimates for Jy 4 (t, ), Ji 1o (t, z) and Jy 40 (¢, ), k = 1,2,3,4,
we obtain estimate . O

3 Conclusion

In the present paper, the initial value problem for the telegraph type involutory linear partial
differential equation is investigated. The equivalent initial value problem for the fourth order
linear partial differential equations to the initial value problem for this second order linear
partial differential equations with involution is established. Applying the operator tools, the
stability estimates for the solution and its first and second order derivatives of this problem
are proved. Note that using this method, we can get similarly statements for the solution of
following problems

n

d2u(t,x d2u(t,x n Ou(t,x d2u(d—t,x
37(52 )+a 8752 )_CLE:CLT 352)_b§:ar <(9x2 ):g(t,x),
r=1 " r=1 "

x=(x1,....,y) ER", —0c0 <t < 00, (39)

u(ﬁvx) = ¢($), Ut(%le) = (p($), z € R"

for a multidimensional telegraph involutory partial differential equations. Assume that a, >
ap>0and g (t,x) (t € I,z € R"), ¢¥(x), p(z) (x € R™) are smooth functions.
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