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Abstract. The foundation of this study lies in the fractional order derivative definition pioneered by Caputo
and Fabrizio, with distinct representations for temporal and spatial variables. Our focus is on presenting a finite
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1 Introduction

Traditionally, calculus deals with integer orders of derivatives and integrals. However, the
curiosity about what would happen if we extended this concept to non-integer or fractional
orders led to the development of fractional calculus. This seemingly simple question opened up
a rich and important new area of mathematical theory with applications in various fields such as
chemistry, physics, mathematical biology, fractal media, electromagnetic, statistical mechanics,
and many other fields. For almost 300 years, researchers have delved into and expanded the
field of fractional calculus. Initially confined to pure mathematics for over two centuries, recent
decades have seen its recognition and utilization analytically and numerically in various natural
contexts and practical applications. For instance, Chaurasia et al.| (2012),Manafian et al.| (2015)),
Povstenko| (2014])); Klekot et al.| (2016]), Salim et al.| (2009); Velieva & Agamalieval (2017)), Stern
et al.| (2014) and Yusubov | (2015) studied the existence of analytical solution of fractional
differential equations. Meanwhile, others used various numerical methods, such as |Li et al.
(2009) and Meerschaert et al.| (2004) used the finite difference method, Hejazi et al.| (2013) and
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Zhuang et al. (2014)) used the finite volume method, |Li et al. (2009), |Li et al. (2009) and Zheng
et al. (2015) used the finite element method and |Shahriari et al| (2020]) used spectral method
and presented a computational algorithm to solve the one dimensional fractional Dirac operator.

This sparked the curiosity of mathematicians, who began exploring the possibilities of chang-
ing orders, kernels, and neighborhoods based on their understanding of ordinary integral and dif-
ferential operators. Since fractional derivatives possess fewer properties, mathematicians worked
on introducing various fractional derivatives to overcome limitations and challenges. Examples
of these derivatives include Riemann-Liouville, Grunwald-Letnikov, and Erdelyi-Kober, among
others. Some of these derivatives have proven to be powerful tools in exploring the complex
dynamics of real-world phenomena and introducing fractional order operators into disciplines
like physics, chemistry, engineering, biology, and medicine. However, other definitions are less
utilized and still await further exploration.One notable derivative was introduced by Caputo in
1967, who reformulated the definition of the Riemann-Liouville fractional derivative by swap-
ping the order of the ordinary derivative with the fractional integral operator to create his new
definition. While it may not be effective for non-integer order derivatives, Caputo’s derivative is
particularly useful in solving fractional differential equations, especially since it doesn’t require
fractional order initial conditions. These equations arise in various scientific and engineering
applications, such as viscoelasticity, diffusion, and control systems. Caputo et al. (2015) further
improved this derivative by changing its kernel to an exponential one to overcome its singular-
ity. This derivative garnered significant interest due to its dual representations of temporal and
spatial variables, as well as the absence of a singular kernel. Below, we highlight some works
that show the elegance and utility of this derivative. |Losada et al.| (2015) defined the fractional
integral corresponding to this fractional order derivative. |Nieto et al. (2015]) presented a nu-
merical solution of the RLC circuit model which uses the fractional order derivative without a
singular kernel. |Atanganal (2016) presented some useful and interesting tools about the defini-
tion and applied them back to the nonlinear reaction-diffusion of the Fisher equation. |Gomez et
al. (2016) presented another alternative representation of the diffusion and diffusion-advection
equations using the definition of the Caputo and Fabrizio to approximate the spatial and time
derivatives. [Alqahtani et al. (2016) proposed a numerical approximation for the space-time
of Caputo-Fabrizio fractional order derivative and applied it to the equation of groundwater
pollution. |Cheng et al.| (2017) used it to solve the equation of fractional Cattaneo based on
this fractional order derivative present a second-order Crank-Nicklson scheme, and |Liu et al.
(2018) proposed a second-order finite difference scheme to solve the quasilinear time parabolic
equation with Caputo-Fabrizio fractional order. |Can et al.| (2020) and Jafari et al. (2023) give
recently novel numerical methods for solving special fuzzy and non-linear fractional differential
equations with various kernels. Nevertheless, to our best knowledge, finite element methods for
solving partial differential equations with fractional order derivatives based on this fractional
order derivative have not been reported yet.

Boutiba et al. (2022) assumed in two different representations for the temporal and the
spatial variables to solve the time fractional partial differential equations, based on the Riemann-
Liouville fractional derivative giving stability and convergence order of the finite element method
and proving that the semi-discretization is unconditionally stable. And Boutiba et al. (2023)
solved the fractional space-time diffusion equation over finite fields by replacing the first temporal
derivative with the Caputo-Fabrizio fractional derivative and the second spatial derivative with
the Riemann-Liouville fractional derivative.

In this paper, we extend previous results involving Caputo and Fabrizio’s time-fractional
derivative presuming two different representations for the temporal and spatial variables with
the Laplacian operator to solve the time-fractional diffusion equation with non-homogenous
initial and limit conditions using finite difference and element schemes to establish stability and
convergence order of the method.
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In this paper, we consider the following fractional time diffusion equation

6 DiU(z,t) — All(z,t) = f(,t), (x,1) € [a,b] x 0,17,
U(z,0) = p(x), x € [a,b] = Q, (1)
U(a,t) =Uy(t), Ubt) =U(t), te[0,T]=1,

where b>a>0;T>0; f: Qx I —=-R;¢:Q—R; U,,Up: I - R are given functions; A is the
Laplacian operator and UCF D]U(z,t) is the Caputo-Fabrizio fractional order derivative given by
Caputo et al. (2015) and |Losada et al.|(2015]) for 0 < v < 1,

t—¢

1 b ou(x, T
gFDzu(x,t):l_W/a g’;’g)e[ 1 ’Y}dg. (2)

Our goal is to introduce a finite element method for solving this fractional time diffusion
equation. We’ll establish unconditionally stable results and derive some a priori estimates. This
work contains four sections. In Section [2, we discuss the time discretization of the problem ,
examine the existence and uniqueness of a weak solution, investigate its unconditional stability,
and provide error estimates for the semi-discrete scheme. In Section |3 we present the fully
discrete scheme used and carry out error estimates for the problem . Finally in Section (4], we
provide a numerical example to validate our theoretical findings.

2 Time discretization

In this section, we present the semi-discrete variational form of the fractional time diffusion
equation. We then discuss the existence and uniqueness of the solution, followed by stability
and convergence analysis.

2.1 Finite difference scheme

First, to approximate the fractional time derivative, we need to discretize the space-time as
T
tj = jAt,j = 0,1,---,J where At = Wi is the time step. Hence the |Caputo et al.| (2015)

fractional time derivative is estimated as follows,

1 bt OU (x, €) {—vtjﬂ — 6]
J+1 x, —
FrDUE ) = T /0 el T 1o ag
, tir1—§
1 J tet1 au(x,é‘) l:—’Yl S :|
_ oU(,£) de. 3
=) / ek ¢ 3)

Since,
8[/{(337§) Z/{(if,tk+1) —U(l’ﬂfk)

8§ - At -+ (§ — tk)utt(fx, Ck)

with ¢ € (tg,tx+1). Then, using , the Caputo-Fabrizio fractional time derivative becomes
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(?’FD?U(% tj+1> =

At

1 Z / Uz, trsr) — U, )
-5

=0tk

§

1 U tiprr) — Ul ti_g) [+ [7 }
= Z (.4 kH)At U, t; k)/ el 1—=7 d§ + Eng,
k=0

tg

i ty, Ti+1
Zu(xat]ﬂrlfk)_u(xatjfk) L1 B

Then,

§EDIU(a, tit1) = 5 ZMkut T, tj—pt1) + Eag,
k=0
where
kAL (k+1)At
[
Mp=ce —7l —e ,
U(x, ti_ —U(x,t;_
ut(x7tj—k+1) = ( 2 k+1)At ( J k)v

and Fa; is the truncation error given by

Eanr = CF'D L{(x tj+1 ZMkut x,tj- kt1)s
v k=0
tit1 —

1 J thtt [75}
T 14 Z/t (€ = i)l (z, cp)el 1= Jde.
0 k

Suppose that U(t) € C%([0,t]; R), then we have
|[Eatl < Cuq(At),

such that

e|: :|
1 li—y
— Ui (x

C'L{,’Y ¥ 1<I}g12;(+1 ” tt( ,Ck)H ‘

Now, for the brevity’s sake, we set

QU(x, tjy1) = 5 ZMkut (2, py1)-
k=0

Consequently, leads to

6 DU (2, tj) = Q]U(x, tj41) + Ear.

+ Eag.

[_th—%l —
+ (& — tg) Uy (z, ck)} e 1—

’Vg]dg,

Then, we will use Q] (x,tj11) as an approximation of the time Caputo-Fabrizio fractional
order derivative which leads us to the next finite difference scheme of the problem ,

Qzuj+1—AZ/{j+1:fj+17 ]:07177‘]_1

319



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.9, N.2, 2024

After some adjustment, we obtain the following scheme

J
U — AU =SNG UE
k=0

A
in which r = Lt and
0

M, k=0

Mo../\/",k = { Mj—k —Mj—k—l-l? 1 < k < ]

2.2 [Existence and uniqueness of the variational solution

Our goal is to introduce the variational formulation of problem and derive the existence
and uniqueness of the solution, we need to define the next functional spaces with their norms

H'(Q) = {w € L?(Q), Z—Z’ € L2(Q)} ,
Hy(Q) = {w e H'(Q),w(a) = w(b) =0},

dhu

H™(Q) = {w € LAQ), =

€ L?(Q) for all positive integer k < m} ,

where L?(12) is the space of all measurable functions whose square is Lebesgue integral in €.
The L? and H' inner product are defined respectively by

au dw
and their corresponding norms,

1/2
[Wily = W w)"2 Wl = W, W)y
Define the norm of the space H™(f2) by,
2\ 1/2
0) '

m
Wy, = <Z
Instead of using the standard H' norm, we are going to use the following norm

k=0
o\ 1/2
0

Problem transformed into a semi-discrete variational problem which is given as
Find U/t € H}(Q) for j = 0,1, ,J — 1, where U/*(z) is an approximation of U(x,t;41)
such that

dEw
dzk

du
Wi = (\wuéwudx

A A AN A
j+1 _ . k j+1
(U W) +r <ax 5 > = k§:0: (AGRUE W) 7 (7 ) (8)
We denote it oW
Jj+1 _ j+1
Bt w) = (U ,W)+r<ax ,&E)
and

J
fu= SONGUE T FOV) = (fL W),
k=0
Then, we get the variational form in its concise form as

B (UL W) =F(W).
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Theorem 1. For 0 <~ < 1, and a sufficiently small step size At, there exists a unique solution
Ut that satisfy . Furthermore, U satisfy

e, < CllAl -

The existence and the uniqueness of the variational solution are assured by the very well-
known Laz-Milgram Lemma. It consists to prove that the bilinear form B is coercive over Hg (),
its continuity over H}(Q) x HE(Q), and the continuity of the linear form F.

Proof. 1. The coercivity,

A , A , oUi+! it
J+1 709+l Jj+1 7/5+1
B wty = Wt u )—I—r( o a:;;)
. oI+ |2
>yt 2+7"H
o+ | |,
=7

2. The continuity,

- , ou+t ow
J+1 _ 7+1 .
BWHw) = U ,W)+7~< o ’ax)
~ o+t ow
< “u]+1“0||WH0+T Ox 0 ox 0

< [l v,

Moreover, we can prove that the linear form F(.) is continuous over H{(£2) since
f1 € HY(Q) € H71(Q). Then, we have that

IFOV = IOV = ([ f2ll =y - VI
that achieves the proof. O

For convenience and without loss of generality, we consider f = 0 in what follows.

2.3 Stability analysis and error estimate

Lemma 1. Semi-discrete form is unconditionally stable for a sufficiently small step size At
and
el < ]

o:forg =0, ,J—1
Proof. We will use inductions to prove the result. First for j = 0 in , we have

1
@' W) +r (8;’;, gi) = (U’ W), WeH;Q).

Taking W = U', we obtain

eIy =< [le®llo -
Now, we suppose that
]| = g for k=05 9)
We need to prove that
ey < flea®ll -
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Taking W = U+ in (§),

- : j
(Uj+1,uj+1)+r<auj+l 8Z/{J+1>

ox ' Oz N kzoj\[]k <Uk’uj+1) :
Using @, we get

2 N U] 17 g
0

N [l [l o

J
<
k=0
J
<>
k=0
< el ety -
Finally, we have

ey < 1ol -

O]

Theorem 2. Assume that has a unique solution U(tj11) at t =tj1q and UL, j=0,---,
J — 1, is the solution of this semi-discrete form in (@ with the initial condition. Then, we have
the next error estimate for 0 <~y <1

|U(tj) -, <cAa® , j=0,---,J—1

Proof. First denote the error e/ = U(tj41) —U T at t = t;44 for j =0, ,J — 1. The exact
solution U(t;41) satisfy the semi-discrete form (8)), then we have

MU(tj+1) OV
X

J
(U(tj+1)7 W)+r <ax7 8) = Z/\[J,k (U(tk), W) —r(Eat, W). (10)
k=0

Subtracting from , we get

dentl aw> ]

(en—i-l,W) 4 (8:1:’ - ) = kZ_ONJk <5k’w) —r(Ea;, W). (11)

Now we begin the mathematical induction. For 7 = 0 in and €% = 0, we have

ost ow
(81,U) +r <85[:’ af) = —-T (EAt,W) .

Taking W = ¢!, we obtain
4], < 1 Eadllo -

Using @, we get the result
[t(t) — U], < C(Aa).

Now, we suppose that
Hu@k) —ukH1 <C(A? , fork=1,--- ] (12)
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We need the prove that holds for &k = j + 1.
Taking W = /+! in (L1)), yields

J
[ < SN )] I+ el €741
k=0

< (St ) [,
k=0
< cn? |9,

Thus, we have 4
|U(tia) —U |, < C(AL)?, (13)

and this completes the proof. O

3 Space discretization: Finite element method

Let S}, denote a uniform partition of 2 which is given by
a=20<x] < <Tym—1 < Ty = b,

where m is a positive integer.

Let h=(b—a)/m =x; — x;—1 and Q; = [z;_1,2;] for i = 1,--- ,m. Define by x}, the space
of piecewise polynomials of order n with n € N on the mesh S},

Xn={W:Wlq, € P,(%:),WeC(Q)}.

Let Z/l,{H be the finite element solution at ¢t = ¢;,1, then we have the full discrete scheme of
problem for 0 < v < 1 given by

| auitt aw, g -
(uz“,wh)“( D ) =S G (U ) () (4
k=0

Since x, C H} () similarity to Theorem , we have that satisfies the proprieties of the
Lax-Milgram Lemma. Therefore, the existence and the uniqueness of the full discrete variational
form is derived.

3.1 The error estimate

Theorem 3. Assume that problem (1)) has a solution satisfying Uy € L*(I, H*(2)))NL*>(I, H?),
Uy € L2(I1,L*()) such that U° € H? (Q) and finite element solution is convergent to the
solution of problem on I as At, h — 0. Then, the approximation solution satisfies,

[ettsin) =2 < € [ Wl g oy + (207

Proof. To give an estimation of the error, we need first to discuss the error at ¢ = ¢;41 for
j=0,1,--+,J — 1. Define &t =U(t;11) —M}ZH and for U7 € x;,. Define @71 = (tj41) —
Uitl and Wit = g+t — Z/{gﬂ. So we get &/t = @1 4 WL The exact solution at ¢t = t;11
also satisfy,

(U(tjs1), W) +7 <6L{(tj+1) 8Wh>

J
O . = Z-/\/,],k (u(tk,Wh)
k=0

+ (W) = (Ban Wa) - (15)

323



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.9, N.2, 2024

Subtracting from , we get

| 9t WL\
(&7 W) + 7 < 6890 ’ 8a:h> =2 Nik (gk’Wh) =7 (Eae, W) (16)
k=0

Substituting &+ and W), by ®/! + Wi+l and W respectively into (16)) yields
g

j+1 j+1
(\I,j+17\1,j+1)+r<8‘1” o’ )

J
—, _ Z/\/}k <8—k7\1,]+1> _ (<I>3+1,\Iﬂ+1)
k=0
OPItt gpitl
—r( Oor = Ox

) — 7 (Bag, U911

Then, we have

; 2
Je)? < Zw) g e e + e 2

+ | Eadlly- 97T, -
Using the estimation

[, < [P, |0, < CR* e, and 2551, < A"ty

Hn+ H’n+1’

we obtain,

IN

J
[0 = SN[ I g+ R + (A2
=0

< S [l + € 0 )l + (A2)?)
k=0

From the error definition &1 = ®/*! 4 Wi+l and the above analysis, one has

1 < el + e

J
< NG [ I + (BO2) + CH U

< YN [, + € )l + 202).
k=0

Then, we have

H€_j+1H1 < EJIA/J»’“ HE—kHO +C (h,” HZ/{HLOO(HnH(Q)) + (At)Q) .
k=0

Finally, we use inductions to obtain error estimates, in a similar way as in Theorem [2| and
these complete the proof. ]

4 Numerical example

Here we carry out a numerical example to illustrate the effectiveness of our numerical method,
for that, let Sy be the uniform classical partition of [a,b] and we choose x} to be the space of
all piecewise linear functions on S;, which means n = 1. Hence, x; can be expressed by

Xh = {W : W|QZ S Pl(QZ‘),W S C(Q)},
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where P;(£2;) is the space of linear polynomial on €;.
Then, we can associate the test function of space x; by usual basis hat functions.

2
crppu(rt) - THED e o<y <1, [0,1]%[0,1)

T
U(z,0)=0 , =ze€]l0,1]
UO,t) =0, UL t)=t , telo1],

(17)

3 [ —
where f(x,t) = T l1-e L — 71 | —6tx. Thus, here the exact solution is done by U(x, t) = tz3.
Y

Tables (1] and [2| show the approximation errors and the convergence order of the finite element
scheme. In Table (I we set h = At to ensure that the space discretization error is the same as
the time error. In Table [2, we take At = 0.001, a small value enough here to check the space
error and the convergence order. So, we can also check that the numerical convergence order,
approaching 2, aligns consistently with the theoretical analysis.

Table 1: The error estimates and convergence order for o and h = At

h=At a=0.3 a=0.6 a=20.9
error order error order error order
1/10 4.1179F — 4 9.4884F — 4 2.0152F — 3

1/20 1.0810F —4 1.93 2.751F — 4 1.79 | 9.8783E —4 1.03
1/40 277T11E -5 196 | 7.4226E—-5 1.89 | 3.5160E —4 1.49
1/80 7.0161E—-6 198 | 1.9287TE -5 194 | 1.0521E -4 1.74
1/160 | 1.7652E —6  2.00 | 4.9165E—6 1.97 | 2.8795E—5 1.87

Table 2: The error estimates and convergence order for o and At = 0.001

h = At a=0.3 a=0.6 a=0.9
error order error order error order
1/10 4.4309F — 4 1.2032F — 3 7.3097F — 3

1/20 1.1223F —4 198 3.1035E—4 | 1.95 1.9082F —3 1.94
1/40 2.8232E -5 199 78795E -5 | 198 48731E—-4 197
1/80 7.0794E -6 2.00 1.9851E -5 | 199 1.2312E—-4 1.98
1/160 | 1.7725E—6 2.00 4.9817TE—6 | 1.99 3.0943E—5 1.99
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The ero* of convarcence E (x 10‘3)
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Figure 1: Convergence errors for different v and o

The order of convergence O

- N W iy a [} S 3 0 N
T
|

1 L L L L L
1/20 a0 1/80 1160
Time mesh-sice h=2A (0

Figure 2: Convergence orders for different v and o

5 Conclusion

Employing the Caputo and Fabrizio fractional derivative, which addresses both temporal and
spatial variables. We proposed in this work to use the finite element method for solving any
fractional time partial differential equations based on the fractional order derivative. Although
we discretized the fractional time derivative by using the classical finite difference scheme, which
is a second-order accuracy. We applied the finite element method for the spatial derivative
to approximate the space derivative and obtain directly the full discretization scheme with
essentially convergence order of O((At)2+h"*1). Our method proved effective through numerical
testing.
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