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Abstract. This study focuses on exploring the spectral properties and scattering function of the impulsive

operator generated by the Sturm–Liouville equation with complex periodic potentials. We introduce a new

approach to investigate the spectral singularities and eigenvalues of the operator. Additionally, we establish the

finiteness of eigenvalues and spectral singularities with finite multiplicities under specific conditions.
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1 Introduction

Consider the Sturm–Liouville equation on the semi-axis

−y′′ + q (x) y = λ2ρ (x) y,
x ∈ [0, x0) ∪ ( x0,∞)

(1)

with boundary condition
y (0) = 0 (2)

where λ is a spectral parameter,

q (x) =
∞∑
n=1

qne
inx,

∞∑
n=1

|qn| <∞, (3)

the density function ρ(x) determined as

ρ (x) =

{
1, 0 ≤ x < x0
β2, x0 < x <∞ ; β 6= 1,−1 (4)

and for complex numbers αi, i = 1, 2, 3, 4 fulfilled impulse condition[
y
(
x+0
)

y′
(
x+0
) ] = B

[
y
(
x−0
)

y′
(
x−0
) ] , B =

[
α1 α2

α3 α4

]
, detB 6= 0 (5)
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In various physical applications, boundary value problems with jump conditions arise due
to the discontinuous properties of materials (Bairamov et al., 2018; Hald, 1984; Efendiev et al.,
2016, 2022; Aghamaliyeva et al., 2023).

The paper deals with the theory of inverse spectral problems. Such problems consist of re-
covering operators based on their spectral characteristics (Efendiev et al., 2021, 2022; Gasimov,
2022). The most complete results of inverse problem theory have been obtained for the simplest
second-order Sturm-Liouville operators in the case of ρ (x) = 1. For that case, the spectral
analysis of the problem having discrete and continuous spectra was begun by Naimark (1954).
Naimark proved that some poles of the resolvent kernel are not eigenvalues of the operator. Ad-
ditionally, he showed that these poles referred to as spectral singularities by Schwartz (Naimark,
1954), pose a mathematical obstacle to the completeness of the eigenvectors and are integrated
within the continuous spectrum.

In this work, we are interested in the impulsive Sturm-Liouville operator with complex
periodic potentials on the semi-axis. The operator’s spectrum is analysed using the density
function and impulsive condition.

Determining a transfer matrix is difficult, but obtaining some spectral information through
it is possible.

2 Representation of Fundamental Solutions

Our main goal here is on the solutions to the main equation

−y′′ + q (x) y = λ2ρ (x) y,
x ∈ [0, x0) ∪ ( x0,∞)

that will be needed later.

Theorem 1. Let q (x) be of the form (4) and ρ (x)satisfy condition (3). Then for the given
x ∈ (x0,∞), λ ∈ C+ = {λ ∈ C; Imλ > 0} equation (1) has special solutions of the form

f (x, λ) = eiλβx

(
1 +

∞∑
n=1

1

n+ 2λβ

∞∑
α=n

Vnαe
iαx

)
where the numbers Vnα are determined from the recurrent relations.

The proof of the theorem is similar to that of Efendiev et al. (2023) and therefore we do not
cite it here.

It is well known that ϕ (x, λ) and ψ (x, λ) are the fundamental solutions of (1) in the interval
x ∈ [0, x0), satisfying the given conditions

ϕ (0, λ) = 0, ϕ′ (0, λ) = 1,
ψ (0, λ) = 1, ψ′ (0, λ) = 0,

respectively.
On the other hand, (1) admits another solution for x ∈ (x0,∞), λ ∈ C+ = {λ ∈ C; Imλ < 0}

f (x,−λ) = e−iλβx

(
1 +

∞∑
n=1

1

n− 2λβ

∞∑
α=n

Vnαe
iαx

)
By analogy to Efendiev et al. (2021), it is easy to see that equation (1) has fundamental

solutions f (x, λ),f (x,−λ) for which

W [f (x, λ) , f (x,−λ)] = −2iλβ

where W [f, g] = fg′ − f ′g is satisfied.
Then each solution of equation (1) may be represented as a linear combination of these

solutions which makes true the following lemma
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Lemma 1. Each solution of equation (1) may be represented as a linear combination of these
solutions {

y− (x, λ) = A− (λ)ψ (x, λ) +B− (λ)ϕ (x, λ) , 0 ≤ x < x0
y+ (x, λ) = A+ (λ) f (x, λ) +B+ (λ) f (x,−λ) , x0 < x <∞

Here y+ (x, λ) and y− (x, λ) are solutions of equation(1) on [0, x0) and (x0,∞) respectively.
Then, from impulse condition (5) we have[

A+ (λ) f
(
x+0 , λ

)
+B+ (λ) f

(
x+0 ,−λ

)
A+ (λ) f ′

(
x+0 , λ

)
+B+ (λ) f ′

(
x+0 ,−λ

) ] = B

[
A− (λ)ψ

(
x−0 , λ

)
+B− (λ)ϕ

(
x−0 , λ

)
A− (λ)ψ′

(
x−0 , λ

)
+B− (λ)ϕ′

(
x−0 , λ

) ]
By taking into account that[

A+ (λ) f
(
x+0 , λ

)
+B+ (λ) f

(
x+0 ,−λ

)
A+ (λ) f ′

(
x+0 , λ

)
+B+ (λ) f ′

(
x+0 ,−λ

) ] =

[
f
(
x+0 , λ

)
f
(
x+0 ,−λ

)
f ′
(
x+0 , λ

)
f ′
(
x+0 ,−λ

) ] [ A+ (λ)
B+ (λ)

]
and analogously[

A− (λ)ψ
(
x−0 , λ

)
+B− (λ)ϕ

(
x−0 , λ

)
A− (λ)ψ′

(
x−0 , λ

)
+B− (λ)ϕ′

(
x−0 , λ

) ] =

[
ψ
(
x−0 , λ

)
ϕ
(
x−0 ,−λ

)
ψ′
(
x−0 , λ

)
ϕ′
(
x−0 ,−λ

) ] [ A− (λ)
B− (λ)

]
easily we obtain the following[

A+ (λ)
B+ (λ)

]
=

[
f
(
x+0 , λ

)
f
(
x+0 ,−λ

)
f ′
(
x+0 , λ

)
f ′
(
x+0 ,−λ

) ]−1B [
ψ
(
x−0 , λ

)
ϕ
(
x−0 ,−λ

)
ψ′
(
x−0 , λ

)
ϕ′
(
x−0 ,−λ

) ] [ A− (λ)
B− (λ)

]
or [

A+ (λ)
B+ (λ)

]
= M

[
A− (λ)
B− (λ)

]
(6)

where a transfer matrix M =

[
M11 M12

M21 M22

]
satisfying the relation

[
M11 M12

M21 M22

]
=

[
f
(
x+0 , λ

)
f
(
x+0 ,−λ

)
f ′
(
x+0 , λ

)
f ′
(
x+0 ,−λ

) ]−1B [
ψ
(
x−0 , λ

)
ϕ
(
x−0 ,−λ

)
ψ′
(
x−0 , λ

)
ϕ′
(
x−0 ,−λ

)
.

]
Here

M11 =
i

2λ
{f ′ (x0,−λ) [α1ψ (x0, λ) + α2ψ

′ (x0, λ)]− f (x0,−λ) [α3ψ (x0, λ) + α4ψ
′ (x0, λ)]}

M12 =
i

2λ
{f ′ (x0,−λ) [α1ϕ (x0, λ) + α2ϕ

′ (x0, λ)]− f (x0,−λ) [α3ϕ (x0, λ) + α4ϕ
′ (x0, λ)]}

M21 =
i

2λ
{−f ′ (x0, λ) [α1ψ (x0, λ) + α2ψ

′ (x0, λ)] + f (x0, λ) [α3ψ (x0, λ) + α4ψ
′ (x0, λ)]}

M22 =
i

2λ
{−f ′ (x0, λ) [α1ϕ (x0, λ) + α2ϕ (x0, λ)] + f (x0, λ) [α3ϕ (x0, λ) + α4ϕ

′ (x0, λ)]}

Now, let us consider two solutions of equation (1) which satisfies condition (5) of equation
(1)

F (x, λ) =

{
A+
−ψ (x, λ) +B+

−ϕ (x, λ) 0 ≤ x < x0
A+

+f (x, λ) +B+
+f (x,−λ) x0 < x <∞

and solution which satisfies condition (2) of equation (1)

G (x, λ) =

{
A−−ψ (x, λ) +B−−ϕ (x, λ) 0 ≤ x < x0
A−+f (x, λ) +B−+f (x,−λ) x0 < x <∞
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By using asymptotic relation

lim
x→∞

f(x,±λ)e∓iλx = 1

we find that

A+
+ = 1, B+

+ = 0.

Then, from (8) we get the following relation to find the coefficients A+
− and B+

−[
1
0

]
=

[
M11 M12

M21 M22

] [
A+
−

B+
−

]
or 

A+
−M11 +B+

−M12 = 1

A+
−M21 +B+

−M22 = 0

From that we obtain

A+
− =

M22

detM
,

B+
− = − M21

detM
.

Then for solutions F (x, λ) and G (x, λ) we have the following relations

F (x, λ) =


M22
detMψ (x, λ)− M21

detMϕ (x, λ) , x→ 0+

f (x, λ) , x→∞

and

G (x, λ) =


ϕ (x, λ) , x→ 0+

M12f (x, λ) +M22f (x,−λ) , x→∞.

Lemma 2. The Wronscian of solutions F (x, λ) and G (x, λ) determined as follows

W [F (x, λ) , G (x, λ)] = M22(λ)
detM , x→ 0+

W [F (x, λ) , G (x, λ)] = −2iλM22 (λ) , x→∞.

3 Spectrum of the operator L

Let L be an operator generated by the differential expression

1

ρ (x)

{
− d2

dx2
+ q (x)

}
in the space L2 (−∞,∞, ρ (x)).

By means of a general method for the kernel of the resolvent of the operator
(
L− λ2I

)
we

get

G− (x, t, λ) =

{
ϕ (t, λ)ψ (x, λ) x ≤ t
ϕ (x, λ)ψ (t, λ) x ≥ t

and

G+ (x, t, λ) = − 1

2iλβ

{
f+ (x, λ) f− (t, λ) x ≤ t
f+ (t, λ) f− (x, λ) x ≥ t .
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Then we get

y (x, λ) =
∞∫
0

G (x, t, λ)f (t) dt+

+ 1
M22



∣∣∣∣∣∣∣∣
f (x0, λ) (α1 − 1)

∞∫
0

G (x0, t, λ)f (t) dt

f ′ (x0, λ) (α3 − 1)
∞∫
0

G (x0, t, λ)f (t) dt

∣∣∣∣∣∣∣∣ψ (x, λ) 0 ≤ x < x0

∣∣∣∣∣∣∣∣
(α1 − 1)

∞∫
0

G (x0, t, λ)f (t) dt [α1ψ (x0, λ) + α1ψ
′ (x0, λ)]

(α3 − 1)
∞∫
0

G (x0, t, λ)f (t) d [α3ψ (x0, λ) + α4ψ
′ (x0, λ)]

∣∣∣∣∣∣∣∣ f (x, λ) x0 < x <∞.

These facts and analytical properties of the M22 (λ). make valid the following statement.

Theorem 2. The eigenvalues of the problem (1-5) are the zeros of the function M22 (λ).

Theorem 3. The spectrum of the operator consists of a continuous spectrum filling the positive

half-axis [0,∞)on which there may exist spectral singularities coinciding with the numbers
(
n
2β

)2
.

4 Conclusion

In our study, we have examined various aspects related to spectral and scattering problems in
impulsive Sturm–Liouville boundary value problems with periodic complex potentials on the
semi-axis. While many studies have looked at the spectral analysis of these problems, most have
focused on real potentials. Our approach stands out as we use transfer matrices to investigate
eigenvalues and spectral singularities. Using this method, we have been able to identify sets of
eigenvalues and spectral singularities under specific conditions.
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