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Abstract. This paper presents Gradient-based Iterative (GI) and Two-Stage Gradient-based Iterative (2S-GI)
identification algorithms for the Controlled Auto-Regressive Moving Average (CARMA) form of a multivariable
tumor model. The mathematical proof of the 2S-GI algorithm for multivariable CARMA systems is provided,
demonstrating its effectiveness in parameter estimation. The step-by-step introduction of the algorithm facilitates
further studies and implementation. A comprehensive comparison between the GI and 2S-GI algorithms is
conducted, evaluating their performance in terms of convergence rate and estimation accuracy. The introduced
multivariable tumor model serves as a testbed for the algorithms’ effectiveness. The results of the comparison,
supported by simulated data, demonstrate the superiority of the 2S-GI algorithm in accurately estimating the
parameters of the CARMA system. This research provides valuable insights into the application of gradient-based
iterative algorithms in controlling multivariable tumor models, paving the way for improved control strategies in

cancer treatment.
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1 Introduction

During the last few decades, industrial systems demanded a suitable model of the complex and
complicated systems and as a matter of fact, system identification and parameter estimation have
gained huge respect among engineers (Kerschen et al. 2006; Katayamal [2005; Paraskevopoulos,
2017; Eykhoff, 2014)). It should be mentioned that mathematical models have gained attention
in the last few years because of the paramount role they play in saving time, effort and cost
(Watson et al., 2022; Khan & Atangana, [2022)). The iterative parameter estimation approaches
are suitable for taking advantage of ample input and output data and have the ability to foster
the parameter estimation precision (Xu, 2022; Lu et al., 2022).

In control engineering, there are manifold multi-variable plants with complicated construc-
tion and perturbation containing uncertainty, having multi-input multi-output systems, multi-
input single-output systems, and single-input multi-output systems (Schwedersky et al. [2022;
Fazzi et al., [2022). In this contribution, we only concentrate on systems with Multi-Input and

How to cite (APA): Sadeghi, K.H., Razimina, A., & Marashian, A. (2023). Efficient identification algo-
rithm for controlling multivariable tumor models: Gradient-based and two-stage method. Advanced Mathematical
Models & Applications, 8(2), 185-198.

185


https://orcid.org/0009-0002-5493-8857
https://orcid.org/0000-0001-5139-4255
https://orcid.org/0000-0001-6117-7377

ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.8, N.2, 2023

Multi-Output (MIMO) and try to extract methods that could estimate the MIMO systems
parameters.

CARMA models have gined considerations for many scholars (Raja & Chaudhary, [2015).
In the domain of CARMA for MIMO systems, many studies have been done (Rui & Li, |2022;
Janjanam et al., |2022)). For instance, considering CARMA for MIMO systems, in [Lyu et al.
(2022)) the system was divided into two subsystems which there are linear and nonlinear subsys-
tems, and parameters of the model of noise were detected throughout the procedure. Also, GI
and Least Squares Based Iterative (LSI) methods for estimation of the parameter of Controlled
Auto-Regressive Auto-Regressive moving average (CARARMA) MIMO systems are presented in
Ding et al. (2012) and as a novelty in this manuscript 2S-GI approach is developed for CARMA
model of MIMO systems. In Fatimah & Joshi (2021) a new method with a high convergence rate
and minimal computational cost is proposed for the system identification of the auto-regressive
moving average or ARMA model of MIMO systems. It should be mentioned that the CARMA
model is more complicated than the ARMA model.

In Ding et al.| (2014), 2S-GI were applied to a Single-Input Single-Output (SISO) CARARMA
system while in this paper 2S-GI is used to estimate the parameters of a multi-input multi-
output system as a novelty. In summary, there are currently available LSI and GI methods for
system identification of the CARMA model in MIMO systems. However, there is a research
gap regarding the application of the 25-GI algorithm to MIMO systems, despite its previous
utilization in SISO systems several years ago.

In the procedure of tumor modeling, many mathematical models both with multiple and
single parameters are investigated. In |Adam| (1986)), a simple SISO model is brought up which
has benefits for experimental and theoretical issues. In |Yin et al.| (2019), a few models are
illustrated which include partial differential, algebraic, and ordinary differential equations. Also,
a whole-body nanoparticle pharmacokinetics predictive mathematical model and their delivery
of tumor are developed in [Dogra et al.| (2020).

Beyond that, due to the fact that there has been no research accomplished in the realm of
estimating the CARMA system parameters in the field of MIMO models with a 25-GI method,
in this article, we aim to represent one novel method for estimating parameters of a CARMA
model format by direct usage of existing GI method and developing its 25-GI algorithms. First,
we introduce the mathematical terms of a generic CARMA model system. After that, the two
GI methods, in which one of them is old (GI) and one of them is new (2S-GI), are presented
mathematically and both of them are illustrated step-by-step in a simple configuration for the
reader, so as to make it possible for further use. Novelties of this contribution are listed below:

Mathematical proof of 2S-GI algorithms for multivariable CARMA systems,

Introduction of the step-by-step algorithm of 2S-GI algorithms for multivariable CARMA
systems,

Showing effectiveness and convergence rate of the presented approach for estimating mul-
tivariable CARMA system parameters by comparing it to the GI method,

e An important tumor model has been identified by introduced identification approaches.

The rest of the paper is formed as demonstrated: In the following part of the paper, a specified
description of the model of the system related to the CARMA model for multivariable systems
is provided. Section [3|includes all the necessary mathematics of two GI algorithms. Section
represents an advantageous tumor model. In Section 5] all the necessary simulations for showing
the efficacy of new algorithms are brought up. In Section [6] some of the results are investigated
and some discussions are added. Finally, at section [0} all the conclusions are derived.
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2 CARMA configuration

Take the following CARMA system into consideration
A(2)y(t) = B(z)u(t) + C(z)v(t), (1)

where u(t) € R” is the input sequence, y(t) € R™ is the output sequence of the system, and
v(t) € R™ is a sequence of white noise with variance o and zero means. Also, A(z), B(z)
and c(z) are polynomials in the unit backward shift operator [i.e. z7'u(t) = u(t — 1)]. For
simplicity in the rest of the paper, we have the following notations: A =: X symbolizes A is
manifested as X; The character I (I,) is an identity matrix of suitable size (n x n); 1,, denotes
an n-dimensional column vector which every component of it is 1. The superscript 1" represents
the transpose of the matrix; the matrix X norm has the meaning that || X||? = tr(XX7).

U(t) C(z)
A(z)

ut) o $ (1)
A(z) N

Figure 1: CARMA model system

Now look at the CARMA system shown in Figure 1L We define A(z), B(z) and C(z) as
polynomials of known orders (ng, ny, n.) as follows

A(z) =T+ A1zt 4+ Agz™2 L+ Ay 2™,
B(2):= Biz7' + Boz 2 + ... + B, 2™,
Cz):=T+Crz7t +Coz 2+ ...+ Cp 2"

In a general way, it is assumed that y(¢) = 0, u(t) = 0 and v(¢) = 0 for t < 0. Note that
A; = R™™ B, = R™*" and C; = R™*™ are the coefficient matrices for estimation and to be
identified. Let n = mn, + rny + mn,, designate the system parameter vectors

0 :=[A1, Ag, ..., Ay, B1, By, ..., B,,] € R™*(mnatmme)

0 =[C1,Cy, ...,Cp.] € RM¥(mne)

v :=10,C1,Cs,...,cn.] € R™",
9= [0, 07" e R™,
n = mng + rnp + mne

and the corresponding information vectors
o(t) = [yt — 1), —y(t — 2), ., —y(t — na), u(t — 1), u(t — 2), ..., u(t — np)] € ROPaFrmo),
o(t) == [t —1),v(t —2), ..., v(t — ne)] € R™,
P(t) = [p@),v(t — 1), v(t —2),...,v(t — n.)] € R,

P(t) = [p(t), 9] € R™.

Based on the mentioned definitions and equations , we attain the following identification
model
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y(t) =l = A(2)]y(t) + B(2)u(t) + C(2)v(t)

=(—A1z7t = Agz? — = Ay 27" )y(t) + (Biz7 4 Bz % 4 o+ Bz ™)ult)
+ (T +C1z7 4 Coz 2 4+ Cpoz ™) u(2)
=—Awyt—1)— Agy(t —2) — ... — A, y(t — ng)

+ Biu(t — 1) + Bau(t — 2) + ... + By, u(t — ny)
+v(t)+ Crv(t—1)+ Cov(t —2) + ... + Cpv(t — ne)

=0—y(t—1)—y(t—2)— ... —y(t —ng) +ult — 1) +ut —2) + ... + u(t — nyp)]
+ Ot —1)+v(t—1)+ ...+ vt —n)| +v(t)
=0—y(t—1)—y(t—2)— ... —y(t —ng) +u(t —1) +u(t —2) + ... + u(t — nyp)
+rvt—1)+v(t—1)+..+v(t—n)]+v(t)
y(t) =o(t)0 + ()0 + v(t) (2)
y(t) =09(t) + v (). 3)

Now we take L as data length (L > n) and assume the stacked output matrix as Y, the
stacked information matrices ® and ¥ and the stacked noise matrix as V.

Y =[y(1),y(2), ..., y(L)] € R™*F
® =[p(1),0(2), ..., p(L)] € RUPatrme) =L
¢ =[¢(1),6(2), ..., (L)] € R™"xE
U =[¢(1),9(2), ..., »(L)] € R™*F
V =[v(1),v(2),...,v(L)] € R™*L,

The ultimate aim of this paper is done in the next section which identifies the 9 parameter
using parameter estimation algorithms.

3 Mathematics of two gradient-based iterative algorithms

3.1 Gradient-based iterative algorithm
Considering Eq. , we yield the following equation
Y =90+ V. (4)
Now we take a criterion function of a quadratic form as follows:
= [|Y —9¥||. (5)

Our aim here is to minimize J(¢) by using the search of negative gradient, so U can be calculated
which is the estimation of ¥ at iteration k. The following result will be derived using Eq.

Og = Vg1 + [y — 9007 (6)
where p is the convergence factor or iterative step size. The only problem we face here is that
the information vector v (¢) in ¥ includes unknown parameters of noise v(t — 7). Regarding this
issue, Eq. @ can not provide the estimation of ;. To tackle this problem, capitalization is
done on the corresponding estimate of noise terms as Dj_1.

~

¢k(t) 2:[(p<t), ﬁkfl(t — 1), ﬁkfl(t — 2), . I)kfl(t — nc)] cR"
[ :[ik(1)71&k(2)7 ﬂzjk(L)} € RHXL
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From Eq.

v(t) = y(t) — 94(t) (7)

and by replacing parameters with their estimation, we reach the following equations

p(t) = y(t) — 9(1)
ék = ﬁk—l + /Lk[Y — ’lék_l\ifk]\i/% (8)

So as to make sure that 9 converge, we assume a conservative choice of uy

0<pg <

)\max[\i’k@g] (9)

and A [X] symbolizes the highest eigenvalue of the square matrix X. Based on the provided
equations, the GI algorithm for the CARMA system can be derived as follows

ék = ék—l + Mk[y — ék_l‘i’k]\ig, (10)
2
S W) .
Uy = [hp(1), ¥ (2), ..., v (L)] € R™L, (12)
Y =[y(1),y(2),....y(L)] € R™*L, (13)

o(t) = [—yt — 1), —y(t — 2), ..., —y(t — na),u(t — 1), ut — 2), ..., u(t — ny)]" € RO™atrm) (14)

P(t) = [et), 0t —1),0(t —2),...,0(t —n.)] € R", (15)
0, = 19;3(1 s mng +mmny, 1 :m), (16)
D(t) = y(t) — DP(1). (17)

The step-by-step GI algorithm,which is defined in Egs. (10j17), and aims to calculate the
estimation of ¥(t) for CARMA system, is depicted in Fig. |2l and is brought as follow:

1.

Gather the input-output data u(t), y(¢t) for t = 1,2,...,L (L > n) and make the stacked
output matrix Y by Eq. and ¢(t) by Eq. ,

. Take k£ = 1 as iteration variable and fix other primary values: 190 = Pio for po = 105 and

Up(t) as a random variable and set some small preset ¢,

Form l/}k(t) by Eq. and ¥}, by Eq. (12),
Construct uy by Eq. and update estimation of O by Eq. ,

. set ék by Eq. ,

Calculate 0y (t) = by Eq. (17),

Contrast 95, with J_1, if ||1§k — ék—lH < ¢ then end the algorithm and get the iteration
value k and estimation of ¥, in all other respects extend k by 1 and start from step 3.
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/ collect u(t) and y(t) /
FormY eiwd o(t)

Let: k=1
k=k+1
< 3
Y.
[ Construct Wz, and V() ]
v
Update 79k ]
Y
Set ek
No
Yes

/ Obtain 7§k /

End

Figure 2: Flowchart of GI algorithm

3.2 Two-stage gradient-based iterative algorithm

In this section, 2S-GI is derived. For gaining a two-stage algorithm, we first consider two
intermediate variables defined as

yi(t) == y(t) — O(1), (18)

ya(t) == y(t) — Oo(t). (19)
Now from Eq. , two fictitious subsystems can be derived as

yi(t) = 0p(t) + v(t) (20)

y2(t) = ©¢(t) + v(t) (21)

Take these matrices into consideration
Yl = [y1(1)7y1(2)7 7y1(L)] S RmXL,

Yo = [y2(1), y2(2), ..., y2(L)] € R™MXL

which are two stacked output vectors. Then these two equations can be derived

Yi=Y —6¢ (22)
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Yo=Y — 00. (23)
From Eqgs. (24125)), we reach the following equations

Yi=00+V

Yy =0C+ V.

Now two quadratic criterion function is attained

J1(0) = Y1 - 09|, (24)

J2(©) = |2 — ©¢|*. (25)

Similar to the previous section, our aim here is to minimize J;(0) and J2(0O) by using the search
of negative gradient, so ék and Oy, which are the estimation of 6 and © at iteration k respectively
can be calculated. Here k is the iteration variable. Based on and , we have the following
equations: R R R

Op = Op—1 + i [Y1 — H‘I)](I)T (26)

Or = Op_1 + pra[Ya — 6C)CT. (27)

The only problem we face here is that the information vector ¢ in ¢ includes unknown noise
parameters v(t — i), SO cannot provide the estimation of ©. To tackle this problem, we
capitalize on the corresponding estimate of noise terms as Uj_q.

~

¢k(t) = [l?kfl(t — 1), ﬁkfl(t — 2), ceey ﬁkfl(t — nc)] € R

6k = [ék(l)vék(2)7 ,dA)k(L)] € RmncXL'
From Eq. (2)), following expression will be yield
(1) = y(t) — Op(t) — O (1). 28)

So as to make sure that 0, and ©p converge, we assume a conservative choice of pg; and pgo

2

0< Mkl < ———,
)\max[q)k@g]

(29)

0< K2 < —— (30)
)\ma:c [CkaT]
and A\p,q2[X] symbolize the highest eigenvalue of the square matrix X. Based on the brought
equations, the 25-GI algorithm for the CARMA system is

O = 01 + e [Y1 — 60]0T (31)
Ok = Ok_1 + p2[Yo — 6T, (32)
2
Pkl = ———7 (33)
)\maxl[ kq)g]
2
ko = S (34)
)\mam[ kgg]
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® = [p(1), 9(2), ..y p(L)] € RUPaFTTOIXL, (35)

¢ =[6(1),9(2), .., §(L)] € R™ L, (36)

Y = [y(1),y(2), ... y(L)] € R™E, (37)

o(t) == [—y(t = 1), —y(t —2), ., —y(t = ng), ult — 1), u(t = 2), ..., u(t —np)]T € ROMatrmo) - (38)
Gr(t) = [Dp_1(t — 1), Dp_1(t — 2), oo, D1 (£ — ne)] € R™e, (39)

D(t) = y(t) — Op(t) — O (t). (40)

collect u(t) and y(t) /
Form Y and_o(t)

I

k=k+1
< ~
)V
Construct ¢ (t)
construct &> and <
¥
[ Update ék and (:)k
2

[ Calculate ]

/ Obtain 6% and ék /

End

Figure 3: Flowchart of 25-GI algorithm

The step-by-step QS:GI algorithm, which is defined in Egs.(31H40]), and aims to calculate the
estimation of #(¢) and ©(t) for CARMA system, is depicted in Fig. [3| and is brought as follow:

1. Gather the input-output data u(t), y(t) for t = 1,2,..., L (L > n) and make the stacked
output matrix Y by and ¢(t) by ,
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2. Take k = 1 as iteration variable and fix other primary values: by = Plo and ©g = P%o for
po = 10% and Up(t) as a random variable and set some small preset e,

3. Form ¢ (t) by Eq. (39), ® and ¢ by Eq. and Eq. respectively,

4. Construct pr; and pgs by Eq. and Eq. . Also update the estimate ék and Oy, by
Eq. and Eq. , respectively,

5. Calculate g (t) = by Eq. (40),
6. If |0 — Op_1]| + [|©x — Or_1]| < &, attain the parameter estimate 6 and ©, in all other

respects extend k£ by 1 and restart from step 3.

4 Tumor model

Here we introduce a tumor model which was presented in Lobato et al.| (2016).

N(t) = raN(#)(1 = baN () — caT(£)N(t) — azul(t), N(0) =N,
T(t) = nT#)(1 — by T(t) — col (#)T(t) — esT(£)N (t) — apuft), T(0) =T,
: pI(1)T (1)
I(t) = s+ rT(t) — Cll(t)T(t) — dlf(t) — alu(t), I(O) = Io

in which the represented number of immune cells at time t is denoted with I, T' denotes the
number of tumor cells at time ¢, N symbolizes the amount of normal (host) cells at time ¢
and finally, the control strategy is u. Parameters and their values for the simulation section is
presented in Table

Tumor cells growth
logistically

3
K o
OOQ ; \\Q S

00 o
0° 020

Immune effector O
cell
Host cells growth
logistically

Figure 4: T-I-N interaction
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5 Simulation

Table 1: Parameters and their values

parameters values parameters values
al 0.2 a 0.3
as 0.1 b1 1
ba 1 «a 0.3
c1 1 c2 0.5
C3 1 Cq 1
di 0.2 P 0.01
T1 1.5 T2 1
s 0.33

In this section, a tumor model is illustrated in a polynomial model and afterward, the parameters
of the model are estimated through figures and tables. The tumor polynomial model for CARMA

modeling is

A1 (Z)

Bl(Z)

Cl(z)

0.0152 0.0186 0.0243
0.0217 0.0230 0.0245| =
0.0201 0.0185 0.0196
—0.0004 0 0 bi1 b2
0.0002 0 O = | by bap
0.0005 0 0 b31 b3z
0.0049 0 0

0 0.0043 0 =

0 0 0.0016

a12
a2
az2

C12
C22
€32

a13
a3 (41)
as3

(42)
C13
C23 (43)
€33

It is noteworthy to say that parameters that are zero will not be identified in the subsequent
tables because they remain constant throughout the identification process.

Table 2: Estimation results for o2 = (0.1)?

Approach t=1 a1 a2 a1s a21 a22 a23
500  0.0097 0.0102 0.0097  0.0099 0.0099 0.0100
GI 1000 0.0103 0.0105 0.0098  0.0098  0.0096  0.0099
2000 0.0101 0.0099  0.0100 0.0102 0.0098  0.0097
True Value 0.0152 0.0186  0.0243  0.0217  0.0230  0.0245
Approach t=L asi as2 ass b11 ba1 b31
500  0.0103 0.0095 0.0102 0.0100 0.0092  0.0099
GI 1000  0.0100 0.0103 0.0102 0.0053  0.0061 -0.0026
2000 0.0102 0.0104 0.0102 -0.0009 0.0059 -0.0008
True Value 0.0201 0.0185 0.0196 -0.0001 -0.0001  0.0000
Approach t=L c11 €22 €33 6(%)
500  0.0050 0.0006  0.0003  35.3257
GI 1000 0.0055 -0.0016 -0.0007 30.6193
2000 0.0087 -0.0014 -0.0017 29.7729
True Value 0.0049 0.0043  0.0016
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Table 3: Estimation results for 0% = (0.1)?

Approach t=1 ail a2 a3 as1 az2 a23
500 0.0185 0.0179 0.0242 0.0229 0.0232 0.0276
2S-GI 1000 0.0174 0.0186  0.0190 0.0212 0.0242  0.0179
2000  0.0197 0.0162  0.0188 0.0181 0.0193  0.0219
True Value 0.0152  0.0186  0.0243 0.0217 0.0230  0.0245
Approach t=L asi as2 ass b11 b21 b31
500 0.0182 0.0219 0.0211 0.0000  -0.0003 -0.0006
2S-GI 1000  0.0215  0.0202  0.0127 0.0003 0.0004  0.0001
2000 0.0183 0.0182 0.0183 -0.0001 -0.0001  0.0000
True Value 0.0201  0.0185 0.0196 -0.0001 -0.0001  0.0000
Approach t=L C11 C22 C33 (5(%)
500 -0.0073 -0.0071 -0.0071 10.0173
2S-GI 1000  0.0057  0.0055  0.0054 3.7441
2000  0.0035 0.0032  0.0035 2.5776
True Value 0.0049  0.0043  0.0016
40
B | — e — — — — — — _— =
N | - - — — — — |
(g
e 5| ———— = - — — — — — — 1
c
S22 |- - - — - - - - _ _ _
©
-§ |- — — - - - — - - - - - — 1
0
w
10\ - - - - - - — - _ . __ _ B
5 - - - - - - - __ _ _ _ _ _ _
0

0 50 100 150 200 250 300 350 400 450 500
Number of iterations

Figure 5: Estimation error of GI approach for L = 500 and o2 = 0.12

3000

2500

2000

1500

1000

Estimation error

500

0 50 100 150 200 250 300 350 400 450 500
Number of iterations

Figure 6: Estimation error of 2S-GI approach for L = 500 and o2 = 0.12
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Estimaion of a,,

9.6

0 50 100 150 200 250 300 350 400 450 500
Number of iterations

Figure 7: Estimation of a;; with GI approach for L = 500 and ¢2 = 0.12

0.1

009 | \ — — - - _ _ _ _ _ . . i
0.08 |

007 | — — N — — - - - _ _ _ _ _ i

006 F — — — N— — — — — — — — -

005 — — — N - — - _— _— _ i

Estimaion of a,,

004 | — — — N _ _ _ . _ i
0.03

002} — — — — — — - — — _—

0.01

0 50 100 150 200 250 300 350 400 450 500

Number of iterations

Figure 8: Estimation of a;; with 2S-GI approach for L = 500 and ¢? = 0.1?

6 Discussion and results

To tackle the problem of tumors in the body of patients, tumor cells must be destroyed with min-
imum effect on normal cells. Also, a tumor’s response is reliant on several parameters, namely
the severity of the ailment, the efficacy of the treatment, and the strength of the patient’s own
immune response. The main goal here is to look for the most efficient protocol for drug admin-
istration. The control strategy u(t) is through chemotherapy, immunotherapy, or a combination
of both treatments. Therefore having a mathematical model and controlling it is a necessity.
For making the controlling process easier, we represented a polynomial model and by GI and
25-GI algorithms we estimated the parameter of the tumor model. This parameter estimation
makes the pathway for controlling the tumor system. Afterward, by having a suitable model
for tumors and a control strategy wu(t), control engineers can take advantage of optimal control,
adaptive control, or other means to solve the problem of tumor cell growth within the body and
make cancer treatment happen.

From table [2] and [3] it is conceived that as the number of data increases error in percent
reduces for both GI and 2S-GI methods. Also, it is clear that the 2S-GI method can decrease
the amount of error more significantly than the GI method. For instance, GI produces amounts
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between 29% and 35% for L = 500, 1000, 2000 but 2S-GI gives rise to amounts between 2% and
10% for the same amounts of data.

Figure [5| shows that the tumor model parameter estimation for the number of data 500 and
amount of noise 0.1 reaches its minimum after 300 iterations to approximately 33 but then
increases marginally to 35 at the end of the span of iterations. This form of convergence is not
suitable for a parameter estimation approach and it should have a declining trend throughout the
whole span of iterations. This small fluctuation can lead to bad identification results. Whereas
figure [6] with the same conditions, for the 2S-GI approach shows an overall decreasing trend
and it converges to a less amount of error in contrast to GI and it is reaching its nadir which is
nearly zero, after only 450 iterations and then becomes stable. Therefore 2S-GI method for the
presented tumor model benchmark can produce significantly less amount of error though with
a slower rate of convergence.

From figure [7] and |8 it can be comprehended that estimation of a1; goes through some
fluctuation with GI algorithm while 2S-GI algorithm converges in a better way. Therefore 2S-
GI has a better reaction than GI algorithm while converging to its final point and it is concluded
that 25-GI has a better performance in the convergence of dynamics of the tumor model system.

Overall, from figures 5] [6] and tables we can derive these results:

e 25-GI approach error convergences to zero or its final point much better than GI approach.
e 25-GI produces less error than GI.

e As the number of iterations increases, the amount of estimation errors reduces in a clear
way and parameters estimation converges in a much better way.

7 Conclusion

In this contribution, mathematical theories and algorithms of two identification methods, i.e.,
GI and 2S-GI for MIMO CARMA systems, were developed in which 2S-GI is the main novelty.
Furthermore, a tumor model with one input and three outputs was presented. By means of
introduced parameter estimation approaches, the model was identified and its parameters were
estimated. Also, the GI and 2S-GI algorithms indicated that they both are able to estimate
parameters of a polynomial CARMA configuration at a fast convergence rate producing an
insignificant amount of error. For future works it is highly suggested that scholars pay their
attention to deriving a 25-GI approach for the CARARMA model of MIMO systems, especially
for the benchmark of tumor models. Also controlling the presented polynomial model by means
of adaptive control or other types of controllers is on demand.

References

Adam, J.A. (1986). A simplified mathematical model of tumor growth. Mathematical Bio-
sciences, 81(2), 229-244.

Ding, F., Liu, X., Chen, H., & Yao, G. (2014). Hierarchical gradient based and hierarchical least
squares based iterative parameter identification for CARARMA systems. Signal Processing,
97, 31-39.

Ding, F., Liu, Y., & Bao, B. (2012). Gradient-based and least-squares-based iterative estimation
algorithms for multi-input multi-output systems. Proceedings of the Institution of Mechanical
Engineers, Part I: Journal of Systems and Control Engineering, 226(1), 43-55.

Dogra, P., Butner, J.D., Ramirez, J.R., Chuang, Y.L., Noureddine, A., Brinker, C.J., ... &
Wang, Z. (2020). A mathematical model to predict nanomedicine pharmacokinetics and tumor
delivery. Computational and Structural Biotechnology Journal, 18, 518-531.

197



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.8, N.2, 2023

Eykhoff, P. (Ed.). (2014). Trends and progress in system identification: IFAC Series for Grad-
uates, Research Workers € Practising Engineers (Vol. 1). Elsevier.

Fatimah, B., Joshi, S.D. (2021). Real time computationally efficient MIMO system identification
algorithm. Journal of Signal Processing Systems, 93, 923-936.

Fazzi, A., Grossmann, B., Mercere, G., & Markovsky, 1. (2022). MIMO system identification
using common denominator and numerators with known degrees. International Journal of
Adaptive Control and Signal Processing, 36(4), 870-881.

Janjanam, L., Prakash, R., Saha, S. K., & Kar, R. (2022, November). Controlled Autoregres-
sive Moving Average Systems Identification Using Salp Swarm Algorithm. In 2022 IEEE 6th
Conference on Information and Communication Technology (CICT) (pp. 1-5). IEEE.

Katayama, T. (2005). Subspace Methods for System Identification (Vol. 1). London: Springer.

Kerschen, G., Worden, K., Vakakis, A.F., & Golinval, J.C. (2006). Past, present and future
of nonlinear system identification in structural dynamics. Mechanical Systems and Signal
Processing, 20(3), 505-592.

Khan, M.A., Atangana, A. (2022). Mathematical modeling and analysis of COVID-19: A study
of new variant Omicron. Physica A: Statistical Mechanics and its Applications, 599, 127452.

Lobato, F.S., Machado, V.S., & Steffen Jr, V. (2016). Determination of an optimal control strat-
egy for drug administration in tumor treatment using multi-objective optimization differential
evolution. Computer Methods and Programs in Biomedicine, 131, 51-61.

Lu, Z., Wang, N., & Yang, C. (2022). A novel iterative identification based on the optimised
topology for common state monitoring in wireless sensor networks. International Journal of
Systems Science, 53(1), 25-39.

Lyu, B., Jia, L., Li, F., & Zhou, C. (2022). Identification of Multivariable Hammerstein CARMA
System Using Special Test Signals. Journal of Dynamic Systems, Measurement, and Control,
144(12), 121001.

Paraskevopoulos, P.N. (2017). Modern Control Engineering. CRC Press.

Raja, M.A.Z., Chaudhary, N.I. (2015). Two-stage fractional least mean square identification
algorithm for parameter estimation of CARMA systems. Signal Processing, 107, 327-339.

Rui, J., Li, J. (2022). Parameter identification of fractional order CARMA model based on
least squares principle. International Journal of Computer Applications in Technology, 69(1),
25-35.

Schwedersky, B.B., Flesch, R.C.C., & Dangui, H.A.S. (2022). Nonlinear MIMO system iden-
tification with echo-state networks. Journal of Control, Automation and FElectrical Systems,
33(3), 743-754.

Watson, O.J., Barnsley, G., Toor, J., Hogan, A.B., Winskill, P., & Ghani, A.C. (2022). Global
impact of the first year of COVID-19 vaccination: a mathematical modelling study. The Lancet
Infectious Diseases, 22(9), 1293-1302.

Xu, L. (2022). Separable multi-innovation Newton iterative modeling algorithm for multi-
frequency signals based on the sliding measurement window. Circuits, Systems, and Signal
Processing, 41(2), 805-830.

Yin, A., Moes, D.J.A., van Hasselt, J.G., Swen, J.J., & Guchelaar, H.J. (2019). A review of
mathematical models for tumor dynamics and treatment resistance evolution of solid tumors.
CPT: Pharmacometrics € Systems Pharmacology, 8(10), 720-737.

198



	Introduction
	CARMA configuration
	Mathematics of two gradient-based iterative algorithms
	Gradient-based iterative algorithm
	Two-stage gradient-based iterative algorithm

	Tumor model
	Simulation
	Discussion and results
	Conclusion

