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1 Introduction

The Green’s functions are a powerful method for solving many problems of electromagnetic,
acoustics, elasticity and other applied area. The derivation of the Green’s function for linear
anisotropic elastodynamic materials has been made by many authors (see, for example, Ba et
all 2020} |Ghadi et al. [2009; [Panl 2019} [Yakhno| [2018a), [2018b; [Yakhno & Altunkaynak], 2018}
Yakhno, 2020; Zhan at al., 2019, and references of these papers). The Green’s functions have
been applied to solve of the wave propagation problems in composite elastic materials. For
instance, an exact solution of equations for two-clamped-free rods has been found in (Inceoglu
& Gurgoze [2000). The Green’s functions are constructed for a second-order linear partial differ-
ential equation with constant coefficients in (Faydaoglu & Guseinov, 2003, 2010, |Yakhnol [2018a,
2018b; 'Yakhno & Altunkaynakl 2018; [Yakhno, [2020).

The construction of the Green function for higher order equations can be found in (Polyanin,
2002) for the case when the coefficients of the equations are constants which means that materials
are not composite. We note that the transverse vibration of the composite rod is modeled by
partial differential equations of the fourth order with piecewise constant coefficients and the
techniques of the derivation of the Green’s function for these equations have not been developed
so far.

The aim of our research is to derive the regularized Green’s function of the time-dependent
equation of the transverse oscillation of a composite material. We propose a new analytical
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approach for deriving the regularized Green’s function. This approach is based on the general-
ization of the Fourier series expansion. First, the ordinary differential equation with boundary
and matching conditions corresponding to the given partial differential equation for vibration
transmission is obtained. It is found eigenvalues and eigenfunctions of this equation. Similar
problems for ordinary differential equations have been studied in (Allahverdiev & Tunaj |2019a),
2019b; |[Kulaevl, 2016} Iraniparast at al.l 2017} [Faydaoglu & Yakhno, 2016; Mukhtarov & Yucel,
2020; Mukhtarov et al.| 2018, [2020; |Faydaoglu, [2018] |2019; Vladimirov, [1971). These eigenfunc-
tions used in the Fourier series expansion form the set of orthogonal basis functions. The Green’s
function is derived in the form of a formal Fourier series, including this set of eigenfunctions.
An regularization of this occuring Green’s function is in the form of a finite Fourier series.

2 The Green’s Function for Vibration Transport in
Two-Layered Rods

Let us consider piecewise constant functions which are defined by the following equalities

)

_fm, 0<z<p _Joa, 0<x<p
n(x)_{ﬁb P<1U§q ’a(x)_{a% p<l‘§q

I

B(l‘)—{ﬂl’ 0<z<p , (w)_{717 0<z<p

B2, p<xz<gq Y2, p<z<gq

where n;, a;, B;,7v; are constants and 7; > 0,a; > 0,8; > 0,; > 0 for ¢ = 1,2. In physical
terms 7 is the elastic density, a(z) is the elastic modulus, S(x) is the transverse section area,
~v(x) is the moment of inertia of the transverse section. We define the Green’s function as a
generalized )(x, t; xo) function that satisfies the following equations for the transverse vibration
of the composite material:

2 2 2
1@ 53 + (B ) D) = 6 — 20)3(1), (1)

r e (0,p)U(p,q), teR,

and the following initial data, boundary and interface conditions

Q(xat;w())’t<0 = 07 (2)

0 0
Q(O,t;$0) = %Q(Oat; 330) =0, Q(Qat; 1‘0) = %Q(%t;x(]) =0, (3)

Qp — 0,t;20) = Qp + 0, t;20), ZQp — 0. t520) = FQp +0,8;20),
%68722@(19 —0,t;m0) = 7/J2(%229(p +0,t;x0),
¢1867:53Q(p —0,t;20) = @0236%9(;0 +0,; 20),

where 1z is a fixed real parameter from (0, p)U (p, q), 1 = 171, %2 = B2y2,x € (0,p)U(p, q) are
constants and 6(x — x0)d(t) is the Dirac delta functions with the support at x = xg and t = 0.

The following lemma holds in generalized functions theory (see, for example, Vladimirov,
1971).

(4)
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Lemma 1. Let zg € (0,p)U(p, q) be a parameter, I'(t) be the Heaviside function (I'(t) =1,t >0
and I'(t) = 0,t < 0 and w(z,t;x0) be a generalized function satisfying

Aw 9?2 Aw
n(x)a(w)w + @(B(x)v(m)w) =0, (z€(0,p)U(p,q), t>0), (5)

the boundary conditions at the end faces x =0 and x = q

0 0
w(0,t;20) = %W(Oatwo) =0, w(g,t;x) = %W(q,t;xo) =0,t>0; (6)

and the interface conditions at x = p fort > 0

w(p—0,t;x0) =w(p+0,t;x0), C%w(pf 0,t;x0) = 8@ (p+0,t;x0),
)

wla%w(p —0,t;20) = ¢238722w( +0,t; 20 (7)
1 Z5w(p — 0, t;m0) = o Zsw(p + 0,8 20);
and the initial conditions
dw 1
0; =0, —(x,0; = ———0(x — . 8
W(Zlf, 7'%'0) ’ ot (.T, 7'%'0) 77(330)04(-%'0) (JJ $0) ( )

Then Q(x,t;x9) = T(t)w(x, t; ) is the Green’s function of the transverse vibration of com-
posite material.

Proof. Let Q(x,t;x9) be the generalized function which is equal to w(x,t;xg) for ¢ > 0 and
is equal to 0 for t < 0, i.e. Q(z,t;209) = I'(t)w(z, t;20). Applying operator of differentiations

2 2 .
%, %, % to Q(x,t; xo) and using we find

Qz, t;20) = (H)w(z, t;20) + F(t)gtw

w(x, t;xo) = F(t)gtw

0
g (z,t;20) =
= §(t)w(x,0;20) + F(t)g

oy (x,t;x0),

92 d,0 9
at2Q($,t;$0):a(§Q(fvata 0)) 8t( ()8t (

2
= 3(0) ol t:20) + T (1) oy
2

z,t;w0)) =
(z,t;20) =

= 5(0) 2 ol ) 0+F()§2 (.t 70) =

1 82

w(z, t; o)
0? 0?
@Q(l‘,t;fbo) = F(t)@w(%tmo)-

Here we use equalities (see, for example, |Vladimirov, 1971, p. 77-78 )

D5(1) = X2 Jecodt), na)a(@)ie — o) = nlzo)alro)d(e — xo).

Moreover, we have
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2 2 2 2
B (@) 52, t:20)) = DlE) 5 (B (@) 5o, 520)).

It follows from above mentioned equalities that the function Q(z,t;x9) = T'(t)w(x,t;xo)
satisfies if w(z,t; zp) satisfies —. The interface conditions , follow from conditions

(. [@- O

Remark 1. Equation (@ can be written in the form

Pw  w

where p(x) is define by

M(x):{m, 0<z<p e o
p2,, p<x<q’ B’ Bav2

3 Computing of the Regularized Green’s Function

In our paper we replace the Dirac delta function §(z—x) by a regularized (approximate) classical
function on(x,x0) (see section 3.4) and describe a method of computation of an approximate
Green’s function which is an exact solution of (5)-(8), where instead of §(z — zg) we have
5N (.’B, 1‘0) .

3.1 Computing of Eigenvalues and Eigenfunctions of Singular Sturm-Liouville
Problem

We consider the following ordinary differential equation of the fourth order
2W(x) = au(w)z(z), @€ (0,p)U(p,q), (9)
subject to the matching conditions
2(p—=0)=2(p+0), 2'(p—0)=2"(p+0),
P12"(p— 0) = 122" (p+0), ¥12"(p—0) = 22" (p +0),

and boundary conditions

2(0) = 2(q) =0, 2'(0) =2'(¢q) =0. (11)

Here the function pu(z) is defined in Remark 1.

The number A, for which there exists a non-zero function z(x) satisfying @—, is called
an eigenvalue of the boundary value problem (BVP) (9)-(11) and this non-zero function z(z) is
called an eigenfunction of BVP @— corresponding to the eigenvalue A. The main problem
of this section is to find all eigenvalues and associated eigenfunctions of BVP @—.

We note that the solutions of @D under the conditions can be presented as:

c1[cosh(sz) — cos(sz)] + co[sinh(sz) — sin(sz)], =z € [0,p),
z(z) = < ay[cosh(si(q — x)) — cos(s1(q — z))] + az[sinh(s1(q — z)) (12)

—sin(sl(q - !T))]’ HAES (p, Q]v
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where c1, ¢, a1, as are arbitrary constants; s and s; are parameters such that s* = A1, s‘lL =
4
s (p2/ ).

The eigenfunctions of the problem @D— in the form are nonzero and satisfy the
interface conditions . Using , we obtain the homogeneous system of the following
linear algebraic equations for finding c1, c2, a1, az such that ¢ + c3 + a? + a2 > 0:

c1[cosh(sp) — cos(sp)] + ea[sinh(sp) — sin(sp)] — a1 [cosh(s1(q — p))

(13)
—cos(s1(q — p))] — az[sinh(s1(¢g — p)) — sin(s1(g — p))] = 0,
c1s[sinh(sp) + sin(sp)] 4 cas[cosh(sp) — cos(sp)] + a1s1[sinh(s1(q — p)) (14
+sin(s1(q — p))] + azsi[cosh(s1(q — p)) — cos(s1(¢ — p))] = 0,
c15%[cosh(sp) + cos(sp)] + c2s?[sinh(sp) + sin(sp)] — a11ps?[cosh(si(q — p)) (15)
+cos(s1(g — p))] — azs2[sinh(s1 (g — p)) + sin(s1(q — p))] = 0,
c183[sinh(sp) — sin(sp)] + cas®[cosh(sp) + cos(sp)] + a1s3[sinh(s1(q — p)) 16)

—sin(s1(g — p))] + azsi[cosh(s1(q — p)) + cos(s1(q — p))] = 0.

Here 9 is a given constant defined by 1 = 12 /1)1, where 11, 1 are constants given after formula
(4). We know that the homogeneous system — has non-zero solutions if the determinant
of this system equal to zero. We denote this determinant as A(s). The roots of A(s) = 0 can
be computed numerically.

Example 1. Computation of eigenvalues: Let us consider the composite rod with the following
characteristics

ar = 0.1(m?), ay=0.1(m?), B =105(N/m?),
Bo = 0.92105(N/m?), m = 4210*(kg/m?), ne = 32103 (kg/m?),
y1=10"2(m?), 72 =0.3210"%(m?), ¢=10(m), p=4(m).

Applying Maple tools the roots we compute roots of A(s) =0 as follows:
s1 = 0.4004802408, so = 0.6740200856, s3 = 0.9420222890, s4 = 1.192368928,

55 = 1.476182727, sq = 1.743724014, sy = 1.995220148, sg = 2.279817702,
s9 = 2.544695328, s10 = 2.797873532, s11 = 3.083294900, s12 = 3.345615782,
513 = 3.600730249, s14 = 3.886648011 s15 = 4.146486921, s16 = 4.403762698,
s17 = 4.689856810, s15 = 4.947340975, s19 = 5.206957379, sg0 = 5.492904816,
S91 = 9.748209291, s92 = 6.010297860, s23 = 6.295778953, s94 = 6.549118274, ....

Using these computed values we determine eigenvalues of BVP (@— by the formula A\, =
si/ul. Here n =1,2,3,... and the constant p1 is introduced in Remark 1.

An eigenfunction associated to A, is found by taking as = 1 and considering the system of
linear algebraic equations , , with unknown cq, c2, a1 for any fixed natural number
n. The determinant of this system is different from zero for s = ()\n,ulﬁ and s =51 = ()\n,ug)i
(we have checked it by Maple tools). Here constants p1, po are defined in Remark 1.

Using the Cramer’s method we obtain that the system , , has a unique solu-
tion c1,cg, a1 for any fixed natural number n and for s = (A,u1)% and s = s;. Considering
solution for s = ()\nm)i and s1 = ()\nmﬁ we find eigenfunctions y,(x) of BVP @-
corresponding to A, for any natural number n.
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3.2 Some Properties of Eigenfunctions and Eigenvalues of Singular
Sturm-Liouville Problem

Proposition 1. Figenvalues of (@— are real and positive.

Proof. The proof is given in the work Faydaoglu), 2019 (see the proof of the theorem 8, p.2519).

O

Proposition 2. Figenfunctions z, and z, of (@— associated with the distinct A\, and Ap,

provides the following orthogonality relation:

foq p(x) zn(2)2m (z)dz =0, n#m, xo € (0,p)U(p,q).

(17)

Proof. The proof is given in the work Faydaoglul, 2019 (see the proof of the theorem 9, p.2519).

O]

Proposition 3. Let f(x) be from the class of functions defined on C*[0,q] N C*([0,p) U (p,q])

such that

Yif"(p—0) = o f"(p+0), V1f"(p—0)=1v2f"(p+0),

q
/ 1) (2)|de < oo,
0
Then the Fourier series of f(x) is uniformly absolutely-convergent in [0,q] and

f(l‘) = Z mem(x)a
m=1

where

fon = /0 () F(2) Xom (),

_ zm(T) 2 (1 2 _
Xm(x) = ——=, lzmll* = | w(x) 2z, (v)de,m =1,2,3....
[[2ml 0

Proof. The proof is described in the work [Faydaoglul [2018.

3.3 Fourier Series of the Dirac Delta Function §(x — z)
The class of functions f(x) from C*[0,q] N C*([0,p) U (p, q]) such that

Vif"(p—0) = o f"(p+0), if"(p—0)=1af"(p+0),

q
[ 1@ < o
0
is denoted as f = F(p, 11,12, q).
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We define the inner product < U(z),V(z) > of two arbitrary functions U(x), V(z) from F' by

< Ula),V(z) >5= /0 " @) U) V() da

For this inner product space F' we consider the dual space F’ which is the set of all linear
functionals from F' into R.

The Dirac delta function with the support at x = ¢, where x is a fixed point from (0, p) U
(p,q), is defined by the formula

<0z — o), 7(x) >p= p(zo)7(20) (21)

for any test function 7(x) € F and = € (0, q). Moreover, the function 7(z¢) can be presented in
the form of the uniformly convergent series (see Proposition 3)

T(xo) = Z TmXm (o), (22)
m=1
where q
. :/0 (@) () X (2)dz, m=1,2,3,... (23)

Hence, using , , we have

WE

< 0(x — ), () >p= p(xo) TmXm (x0). (24)

m=1
Using formula and uniformly convergence of the series in the right side of , we have
q o
< 6(x — x0), 7(2) >p= / () | (o) D X (20) X () | 7()dac
0 o

1

=< p(mo) Z X () Xm(20),7(2) >F (25)
m=1
Therefore, the series
u(20) 3 Xon(20) Xon(2) (26)
m=1

is the formal Fourier series of the Dirac delta function.

3.4 A Regularization for the Dirac Delta Function
Let us consider the partial sums of the series

N
S (@i w0) = u(0) 3 Xon(o) Xin(2), (27)
m=1

where N runs natural numbers.

Theorem 1. Let N be a natural number; p, q be given real constants such that 0 < p < q;
xo € (0,p) U (p,q); 6(x —x0) , On(z,x0) be the Dirac delta function and the function defined by

, . Then

J\;im < On(x;20), T(2) >p=<d(z — 0),T(z) >F,
—00

for any T(z) € F.
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Proof. Using formula and the uniformly convergence of Y | 7, X () to 7(z) on [0,q]
we have

< Oy (5 20), T(x) >p=< pu(z0) Y Xm(x0)Xm(z), 7(z) >F

m=1
N q N
—utan) Y- | [ o) X )7 | Xonloo) = i) 3 rXonlao). (29)
m=1 70 m=1

Using formulas , we find
< d(x —x0) — On(m520), T(2) >F= p(x0) Z T Xm (o)
m=N

for any 7(x) € F. Using the convergence of Y > | 7, X (z0) we find that Y 0 7 Xom (20)
tends to 0 for any 7 € F and zg € (0,p) U (p,q). This means that

lim < §(z —x0) — On(x;20), 7() >p=0

N—oo
or
A}im < On(x;x0), () >p=< d(x — 20),7(z) >F,
—00
for any 7(x) € F and x¢ € (0,p) U (p, q). O

Definition 1. The function dn(x;xo) with the parameter N, defined by , 15 called the requ-
larization of the Dirac delta function 6(x—xg) and N is called the parameter of the reqularization.

Example 2. Computation of the reqularization of the Dirac delta function: Let us consider the
rod with characteristics described in Example 1. Using formula for xg =2, N =5 and
N =19 and applying Maple tools we have computed the reqularized Dirac delta function for two
different regularized parameters. The results of this computation are presented in Figs. 1, 2.

0.6 / \
0.4 , \

0.2

+0.2

Figure 1: The graph of dx(z,x9) for N =5, g = 2
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(=)

Figure 2: The graph of dy(x,xg) for N =19, xog = 2

3.5 An Explicit Formula for Regularized Solution for Singular
Boundary Value Problem -

Let us consider the problem of finding a function satisfying - , when the Dirac delta
function d(x — x¢) is replaced by its regularization dy(z,x¢). This problem is stated as follows.
Let p, ¢ be positive constants, p < ¢; xo be parameter from xy € (0,p) U (p, q); N be the natural
number; dy(z;z9) be function, defined by ; n;, oy, Bi,Y; be given real constants such that
ni > 0,05 > 0,8 >0,v >0, (i=1,2); ¥; = Bivi (i=1,2); a(z) = a1, n(z) = m for z € (0,p)
and a(z) = ag, n(x) = na for z € (p, q); p(x) be the function defined in Remark 1. The problem
is to find a function wy(z,t; xg) satisfying the following differential equation

Fwy  Otwn
W) g+ g

with boundary conditions at the end faces * = 0 and = = ¢:

=0, (z€(0,p)U(p,q), t>0), (29)

0 0
wn(0,t;520) = %WN(OJS x9) =0, wn(q,t;z0) = %wN(%t; xg) =0, t > 0; (30)

and interface conditions at x = p for ¢t > 0:
w(p =0, t;20) = wn(p+0,t570), Fpwn(p—0,t20) = Fwn (p+0,t520),
V1 250N (p— 0,t30) = Y Zawn (p + 0,1 70), (31)
o= 20 = (o 0.0

and initial conditions:

8wN 1

wn(z,0;20) =0, ——(2,0;20) = m&v(x;xo). (32)

ot

Theorem 2. Let constants p, q, Y1, ¥2; parameter xg and functions a(x), n(x), u(z), dn(x; o)
satisfy above mentioned assumptions. Then a solution of (@) - (@ is defined by the following

formula

SR CORER sin(VAn )
N 0) = et 2 X0 g, Kee) &

where Ay, (m =1,2,3,...,N) are eigenvalues of boundary value problem @—, Xm(x) is the
etgenfunction of boundary value problem (@- corresponding to A\, and defined by (@) for
any natural number m.
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Proof. A solution of initial boundary value problem - we search in the form

N
wy(x,t;20) = > Ti(t;zo) Xe(x), 2 € (0,p)U(p,q), t >0, (34)
k=1

where xg is a parameter from the set (O,p) U (p,q); Tk(t;x0), & = 1,2,3,...,N are unknown
functions; Xy(z) is the eigenfunction of associated to Ay and deﬁned by (20) for any
natural number k. Subst1tut1ng into and using the equality (property of elgenvalues

and eigenfunctions of (9)-(11)) ) Xx(z) = Aep(z) Xk (z) (z € (0,p) U (p,q)), we find
N
> () [Tt w0) + M Th(t o) | Xi(z) =0, € (0,p) U (p,q), t>0. (35)
k=1

Multiplying the right and left sides of by X,,(x) and then integrating with respect to x
from 0 to ¢, we find

N

[T]g(t; xo) + Ak Tk(t;l'o)] /Oq p(x) Xp(x) Xpp(z)de =0, =z € (0,p)U(p,q), t >0. (36)
k=1

Applying the property of orthogonality of eigenfunctions of @— (see Proposition 2), we find
the following equality
Té’(t; x0) + Mg Ti(t; o) =0, t>0, (37)

for any fixed natural m from the set {1,2,3,..., N}.

Substituting into we find

N N

3 T(0520) Xp(z) =0, [T,Q(O;xo) _ @) o] xe@ =0 39)

k=1 =1 n(zo)a(zo)

Multiplying the right and left sides of by X (z) and then integrating with respect to x
from 0 to ¢, we find the following two equalities

N q
> Tt [ ) Xulo) Xon(o) di =0, (39)
k=1 0
N
/(05 z0) — _nlao) x ! x x x)dr =
S [mtse0) — i Xitew) | [ o) X)Xy =0 a0
Applying Proposition 2 to , we have
Tm(o;x()) =0, Tvln(oaxﬂ) =0 (41)

for any fixed natural m from the set {1,2,3,..., N}. As a result we obtain that the function
wn (z,t;x0), defined by , is a solution of initial boundary value problem - if and
only if each function 77, (¢;x0) is a solution of the initial value problem , for any
m = 1,2,3,...,N. A solution of initial value problem , is defined by the following

formula
w(zo)  sin (VAn t)
n(o)e(zo)  VAm

Ton(t;x0) = (42)

for any m =1,2,3,..., N.

Substituting into we find that the function wy (z, t; zo), defined by , is a solution
of initial boundary value problem - . O
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Remark 2. Let w(x,t;xg) be generalized function satisfying (@—(@ We consider the formal
Fourier series (@ instead of the Dirac delta function §(xz — xg) in (@ Applying to (@—@

reasoning of the proof of Theorem 2 we find the presentation

N R NN, v S
O] = ) 2 ) TR, Kl )

Theorem 3. Let w(x,t;x0) be generalized function satisfying (@-@, wn(x,t;x0) be the func-
tion, defined by . Then

lim < w(z,t;z0) —wy(z,t;x0), 7(x) >p=0 (44)
N—o00

for any fized zo € (0,p) U (p,q), t >0 and any 7(x) € F.
Proof. Using formulas , we have

< w(x,t;x0) —wn(x,t;20), 7() >F

— Z MXm(ﬂﬂo) sm(\/@ [/oq () X (2)7(2)dz

TmXm (Zo).
Hao)a(en) 2= VA (w0)
Applying the following inequality
sin (VA t
in ( ) <1l (t>0)
VAm t

we have
sin (\/)\m t)
VAm

Using uniformly absolutely convergence of the series >~ | 7 Xm(xo) (see Proposition 3) we
find that

Tme({L'()) <t |7'me($0)’ (t > O)

lim (o) ) i sin (VA 1) TmXm(20) = 0

N—oo n(xo)a(zo =V
for any fixed xg € (0,p) U (p,q), t >0 and any 7(x) € F. dJ

Definition 2. The function wy(x,t;xo) with the parameter N is called the regqularization of the

generalized function w(zx,t;xo) if equality is satisfied for for any fized xo € (0,p)U(p,q), t >
0 and any T(x) € F and N s called the parameter of the regularization.

Remark 3. Letw(x,t;x) be generalized function satisfying (@—(@ , wn(z,t;x20) be the function,
defined by . Applying Lemma 1 and Theorem 3 we find that the function Qn(z,t;z9) =
T(twn(z, t;xg) is the regularization of the Green’s function of the transverse vibration of the
two-layered rod Q(x,t;x9) = T'(t)w(z,t; o).

Example 3. Computation of the reqularized Green’s function Qn(x,t;x0): Let us consider the
rod with characteristics described in Example 1. Using formula , Remark 8 for xo = 2,
t=1, N =5 and N =19 and applying Maple tools we have computed the regularization of the
Green’s function of of the transverse vibration of the two-layered rod for two different reqularized
parameters. The results of this computation are presented in Fig.3 and Fig.4.
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Figure 3: The graph of Qn(z,t,2¢) for N=5,t=1, g =2

0.0003
0.0002 /

0,0001

+0.0001

+0.0002

Figure 4: The graph of Qun(x,t,20) for N =19, t =1, 29 = 2

4 Conclusion

We have proposed a new analytical method for the approximate computation of the Green’s
function for a non-stationary partial differential equation for the transverse vibration of two
stepped rods. Applying this method, a formula for the computation of the Green’s function was
obtained in the regularized form. This formula is the form the finite Fourier series. The number
of terms in the series is a regularization parameter. This parameter is chosen as a suitable
approximation of the Dirac delta function, which appears in the dynamic equation that defines
the Green’s function. Computational experiments have confirmed the reliability of the claimed
method.
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