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Abstract. We present a vibrational and heat capacity analysis of a shapeless (disordered) 𝐴𝑢55 cluster. 

Our results show that several nonequivalent and nearly degenerate states, as well as, a triple and many 

double degeneracy states on the vibrational spectrum. The origin of the higher stability of the shapeless 

was in the short range of the n-body interaction existing in the clusters bonding. We have carried out the 

present ab initio study with DFTB by using the numerical finite-difference approach. Our calculations 

have confirmed with the experimental results, that is, a thermodynamically very stable structure can not 

be crystalline, but having a high probability of a shapeless structure. The non-crystalline structure of this 

cluster was validated by comparison (of the nuclei coordination numbers) with a different axis of 

rotations at a standard orientation of crystal shape. Significantly, we have accurately predicted the 

vibrational frequency range in between 3.41 to 335.78 𝑐𝑚−1 at ∆𝐸 =  0. Nevertheless, our investigation 

have revealed that the vibrational spectrum and the heat capacity was very strongly influenced by the size, 

shape and the structure of the gold nanoclusters that are showing striking advances. 
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1. Introduction 

 

Gold nanoparticles have attracted enormous scientific and technological interest 

due to their ease of synthesis, chemical stability, and unique optical properties. Proof-

of-concept studies demonstrate their biomedical applications in chemical sensing, 

biological imaging, drug delivery, and cancer treatment. Knowledge about their 

potential toxicity and health impact is essential before these nanomaterials can be used 

in real clinical settings. Furthermore, the underlying interactions of these nanomaterials 

with physiological fluids is a key feature of understanding their biological impact, and 

these interactions can perhaps be exploited to mitigate unwanted toxic effects (Alkilany 

& Murphy, 2010). Surprisingly, Maria et al., worked on gold clusters (𝐴𝑢55) and shown 

to interact even with DNA. The experiments carried out armed with this knowledge 

have demonstrated that such clusters are shown to have significant toxicity towards 

many types of human cells, both healthy and cancerous, in contrast to previously 

studied larger gold nanoparticles. It is hoped, therefore, that there is a future for (𝐴𝑢55) 

clusters in the treatment of certain cancers (Tsoli et al., 2005). 

Thus, among small size gold nanoparticles (NP), 𝐴𝑢55 clusters possess an ideal 

size (1.4 𝑛𝑚) for catalytic activity, a full shell geometry, and oxidation-resistant 

properties (Simon et al., 1993; Yam & Cheng, 2008; Murray, 2008; Jin, 2010; 

Periyasamy & Remacle, 2009). Several theoretical (Krakow et al., 1994; Garzón & 

Jellinek, 1991; Sawada & Sugano, 1992; D’Agostino et al., 1993; Yu & Duxbury, 
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1995) and experimental (Garzón & Jellinek, 1991; Marcus et al., 1990; Pinto et al., 

1995) studies on the structure and stability of 𝐴𝑢𝑛 clusters have been reported in the 

literature (Garzón & Posada-Amarillas, 1996). Theoretical calculations based on the n-

body Gupta potential suggest that the most stable structure of the 𝐴𝑢55 cluster is 

icosahedral (Sawada & Sugano, 1992; D’Agostino et al., 1993; Yu & Duxbury, 1995).  

On the other hand, the experimental information is still uncertain assigning 

cuboctahedral (Marcus et al., 1990) and icosahedral (Pinto et al., 1995) structures to 

such a cluster. Nevertheless, although the theoretical studies (Sawada & Sugano, 1992; 

D’Agostino et al., 1993; Yu & Duxbury, 1995) agree about the higher stability of the 

icosahedral configuration with respect to the fcc cuboctahedron, none of them have 

explored the existence of other stable isomers with different symmetry, through a fully 

dynamical optimization procedure. However, the outcome is rather limited due to the 

fact that there are only sparse experimental results. The 𝐴𝑢55 cluster is an exception, 

since this cluster, consisting of a magic number of atoms, is very stable. Consequently, 

some experimental data are available for comparison with predictions obtained by ab 

initio calculations. There are a few magic numbers indicating hypothetical closed-shell 

structures. The smallest one of these numbers is 13, with 12 atoms surrounding one 

central atom. The next two clusters with 55 or 147 atoms add one or two additional 

shells, respectively. In the outer shell, these clusters contain 42 atoms or 92 atoms, 

respectively. In the third magic cluster, the number of atoms in the outer shell is 147 - 

55 = 92 (Vollath & Fischer, 2014; Vollath et al., 2017). Nevertheless, these clusters 

may be crystalline or non-crystalline. 

Above all, since the most recent groundbreaking experimental work of Schmids 

group ( Schmid et al., 1981; Schmid, 1985; Schmid, 2008; Benfield et al., 1988; 

Cluskey et al., 1993; Hornyak et al., 1998), the 𝐴𝑢55 cluster has been used as a model 

for the small cluster with a magic number of atoms. In their experimental work, and in 

particular the structural analysis, were possible only by attaching organic ligands to the 

cluster surface, in order to prevent the clusters from coagulating immediately to larger 

particles (Benfield et al., 1988). Without any doubt, obtained by this way structural 

details do, to some extent, depend on the type of the ligands (Cluskey et al., 1993); 

however, the structure is not influenced fundamentally. The important result of Schmids 

work is the description of the structure of 𝐴𝑢55 as a sequence of two shells (Schmid et 

al., 1981; Cluskey et al., 1993). On average, these clusters are composed of 13 atoms in 

the center and 42 atoms in the outer shell. From the atoms in the outer shell, 18 atoms 

are bond to the ligands (Schmid et al., 1981). Furthermore, these shells show a very 

broad scattering of the coordination numbers (Cluskey et al., 1993). This fact was taken 

as an indication for a non-crystalline solid. Additionally, it was found that the bonding 

energy of these non-crystalline clusters is approximately 20 percent higher than that of 

bulk gold (Benfield et al., 1988). These structural details were confirmed by Vogel et 

al. (1993). Both groups, Schmid et al. (Schmid et al., 1981; Schmid, 1985; Benfield et 

al., 1988; Cluskey et al., 1993; Hornyak et al., 1998; Schmid, 2008) and Vogel et al. 

(1993), described the shape of the 𝐴𝑢55 cluster as cuboctahedral. It must be mentioned 

that there are also findings, especially related to the coordination numbers, that the 

𝐴𝑢55 cluster is possibly structurally close to the face-centered cubic (fcc) structure 

(Marcus et al., 1990; Wallenberg et al., 1985; Fairbanks et al., 1990). Baletto & 

Ferrando (2005) prefer the term low symmetry structure instead of non-crystalline in 

their review article. Further experimental results going far beyond this short 

introduction, are summarized in a review by Schmid (2008). 
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Having this broad experimental background in mind, it is not surprising that a 

series of authors tried to describe the structure and the properties of 𝐴𝑢55 clusters 

theoretically by means of molecular dynamics or ab initio modeling. These studies 

resulted in puzzling and often contradictory conclusions regarding the nanoparticle 

structure: crystalline vs non-crystalline, icosahedral vs cuboctahedral or even unspecific 

shapes. Doye & Wales (1998) described their resulting 𝐴𝑢55 cluster with the lowest 

energy as non-crystalline and the structure of the neighboring 𝐴𝑢56 cluster as fcc-based 

structure. Cox et al. (1999) interpreted their results as highly symmetric. In contrast, 

Michaelian et al. (1999) obtained a low-symmetry structure. Erkoç (2000) analyzed a 

series of gold clusters in the range from 𝐴𝑢13 to 𝐴𝑢55 concluding that the stability of 

these clusters increases with increasing similarity to the fcc structure. Similar results 

were obtained by Yildirim et al. (2006); these authors found that there is a series of 

isomers with small differences in the energy. For the central atom of an icosahedron 

they found a coordination number close to the ideal value of 12. A puzzling result was 

obtained by Darby et al. (2002) as they concluded the 𝐴𝑢55 cluster had a non-crystalline 

structure, whereas the neighboring clusters 𝐴𝑢54 and 𝐴𝑢56 showed an fcc-based 

structure. A comparable result for the 𝐴𝑢55 cluster was discussed by Li and co-workers 

(2000). 

Additionally, Huang et. al. (2008) and Wang L.M. & Wang L.S. (2012) strongly 

confirmed as an amorphous in their theoretical and experimental work as well as in the 

review article (Huang et al., 2008; L.M. Wang & L.S. Wang, 2012). At the same time, 

very recently, Jian et al. (2015) confirmed that the 𝐴𝑢55 cluster is an amorphous in their 

experimental research work. Their systematic structure analysis showed that a hybrid 

structure, predicted by density functional theory, best matches nearly half the clusters 

observed. Most other clusters are amorphous. Moreover, they believed that their 

conclusions are consistent with all the previous, apparently contradictory structural 

studies of the Schmid clusters (Schmid, 2008). 

Considering this lack of a clear definition, one has to interpret the different results 

cum grano salis. Moreover, the long list of somewhat contradicting, and to some extent 

dis-satisfying, results on the structure of the 𝐴𝑢55 nanocluster highlights the necessity to 

look again at this problem using up-to-date theoretical methods. Subsequently, to 

confirm the 𝐴𝑢55 cluster is an amorphous or not, in this study, we use our numerical 

finite-difference approach along with density functional Tight-Binding (DFTB) method. 

Since our newly developed model has given a new deep insight of the clusters through 

the vibrational spectrum that has been already applied on the gold clusters with up to 20 

(Vishwanathan, 2016; Vishwanathan, 2017a; Vishwanathan, 2017b; Vishwanathan, 

2017c). At ∆𝐸 =  0, the vibrational frequency of the optimized neutral gold cluster 

𝐴𝑢55 (Dong, 2006; Dong & Springborg, 2007) were extracted through re-optimization. 

The desired set of system eigenfrequencies (3𝑁 − 6) is obtained by a diagonalization of 

the symmetric positive semidefinite Hessian matrix. As well as, heat capacity and the 

boson peaks were plotted for the temperature influenced size effect. This computational 

process allows one to obtain detailed results with respect to the thermodynamic 

properties with quantum-mechanical accuracy. 

 

2. Theoretical and Computational Procedure 

 

The DFTB (Porezag et al., 1995; Seifert & Schmidt, 1992; Seifert et al., 1996) is 

based on the density functional theory of Hohenberg and Kohn in the formulation of 
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Kohn and Sham. In addition, the Kohn-Sham orbitals 𝜓𝑖(𝒓) of the system of interest are 

expanded in terms of atom-centered basis functions {𝜙𝑚(𝒓)}, 

𝜓𝑖(𝒓) = ∑ 𝑐𝑖𝑚𝜙𝑚(𝒓)

𝑚

,     𝑚 = 𝑗.                                          (1)  

      While so far the variational parameters have been the real-space grid representations 

of the pseudo wave functions, it will now be the set of coefficients 𝑐𝑖𝑚. Index 𝑚 

describes the atom, where 𝜙𝑚 is centered and it is angular as well as radially dependant. 

The 𝜙𝑚 is determined by self-consistent DFT calculations on isolated atoms using large 

Slater-type basis sets. 

In calculating the orbital energies, we need the Hamilton matrix elements and 

the overlap matrix elements. The above formula gives the secular equations 

∑ 𝑐𝑖𝑚(𝐻𝑚𝑛 − 𝜖𝑖𝑆𝑚𝑛) = 0.                                               (2)

𝑚

 

Here, 𝑐𝑖𝑚’s are expansion coefficients, 𝜖𝑖 is for the single-particle energies (or 

where 𝜖𝑖 are the Kohn-Sham eigenvalues of the neutral), and the matrix elements of 

Hamiltonian 𝐻𝑚𝑛 and the overlap matrix elements 𝑆𝑚𝑛 are defined as 

𝐻𝑚𝑛 = 〈𝜙𝑚 |𝐻̂| 𝜙𝑚〉,     𝑆𝑚𝑛 = 〈𝜙𝑚 | 𝜙𝑛〉.                                   (3) 

They depend on the atomic positions and on a well-guessed density 𝜌(𝒓). By 

solving the Kohn-Sham equations in an effective one particle potential, the Hamiltonian 

𝐻̂ is defined as 

                          𝐻̂𝜓𝑖(𝒓) = 𝜖𝑖𝜓𝑖(𝒓),       𝐻̂ = 𝑇̂ + 𝑉𝑒𝑓𝑓(𝒓).                               (4)   

To calculate the Hamiltonian matrix, the effective potential  𝑉𝑒𝑓𝑓  has to be 

approximated. Here, 𝑇̂ being the kinetic-energy operator ∑( 𝑇̂ = −
1

2
∇2) and 𝑉𝑒𝑓𝑓(𝒓) 

being the effective Kohn-Sham potential, which are approximated as a simple 

superposition of the potentials of the neutral atoms 

𝑉𝑒𝑓𝑓(𝒓) = ∑ 𝑉𝑗
0(|𝒓 − 𝐑𝑗|).                                                 (5)

𝑗

 

𝑉𝑗
0 is the Kohn-Sham potential of a neutral atom, 𝒓𝑗 = 𝒓 − 𝐑𝑗 is an atomic position, and 

𝐑𝑗  being the coordinates of the 𝑗 -th atom. 

The short-range interactions can be approximated by simple pair potentials, and 

the total energy of the compound of interest relative to that of the isolated atoms is then 

written as, 

𝐸𝑡𝑜𝑡 ≃ ∑ 𝜖𝑖 − ∑ ∑ 𝜖𝑖𝑚𝑗
+

1

2
∑ 𝑈𝑗𝑗′(|𝐑𝑗 − 𝐑𝑗′|),

𝑗≠𝑗′𝑚𝑗𝑗𝑖

    𝜖𝐵 ≡ ∑ 𝜖𝑖 − ∑ ∑ 𝜖𝑖𝑚𝑗
.      (6)

occ

𝑚𝑗j

 

𝑜𝑐𝑐

𝑖

 

Here, the majority of the binding energy (𝜖𝐵) is contained in the difference 

between the single-particle energies 𝜖𝑖 of the system of interest and the single- particle  

energies  𝜖𝑖𝑚𝑗
 of  the  isolated  atoms  (atom  index  𝑗,  orbital  index  𝑚𝑗),  𝑈𝑗𝑗′(|𝐑𝑗 −

𝐑𝑗′|) is determined as the difference between 𝜖𝐵 and 𝜖𝐵
𝑆𝐶𝐹 for  diatomic molecules (with 

𝜖𝐵
𝑆𝐶𝐹 being the total energy from parameter-free density-functional calculations).  In the 

present study,  only the 5𝑑  and 6𝑠  electrons of the gold atoms are explicitly included, 

whereas the rest are treated within a frozen-core approximation (Porezag et al., 1995;  

Seifert et al., 1996; Seifert, 2007; Warnke, 2007). 
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2.1. Structural re-optimization process 

 

In our case, we have calculated the numerical first-order derivatives of the forces 

(𝐅𝑖𝛼, 𝐅𝑗𝛽) instead of the numerical-second-order derivatives of the total energy (𝐸𝑡𝑜𝑡). 

In principle, there is no difference, but numerically the approach of using the forces is 

more accurate, 

1

𝑀

𝜕2𝐸𝑡𝑜𝑡

𝜕𝐑𝑖𝛼𝜕𝐑𝑗𝛽
=

1

𝑀

1

2𝑑𝑠
[

𝜕

𝜕𝐑𝑖𝛼
(−𝐅𝑗𝛽) +

𝜕

𝜕𝐑𝑖𝛽
(−𝐅𝑗𝛼)] .                              (7) 

Here, 𝑘 = (𝐅𝑗𝛼, 𝐅𝑗𝛽)  is a restoring force which is acting upon the atoms, 𝑑𝑠 is a 

differentiation step-size and 𝑀 represents the atomic mass, for homonuclear case. The 

complete list of these force constants (FCs) is called the Hessian 𝐻, which is a (3𝑁 ×
3𝑁 ) matrix. Here, 𝑖 is the component of (𝑥, 𝑦 or 𝑧) of the force on the 𝑗’th atom, so we 

get 3𝑁 . 

Differentiation step-size (ds) on the Potential Energy Surface: We found that 

the differentiation on the single point energy (SPE) of the equilibrium coordinates of the 

optimized cluster for a small step-size [𝑑𝑠 = ±0.01 a. u. ], which has been approached 

through the scheme developed by M. Dvornikov (2003) with DFTB calculations. 

Moreover, we have confirmed that it would be a very reasonable value that has allowed 

to discriminate between the translational, rotational motion (Zero-eigenvalues) and the 

vibrational motion (Non-Zero-eigenvalues) of the atoms (or molecules) of the Hessian 

eigenvalues (Vishwanathan, 2018). 

 

2.2. Calculation of the heat capacity of the clusters 

 

The specific heat capacity is a measurable physical quantity that characterizes   

the ability of a body to store the heat when the sample temperature is changed. The 

effect of body size on the specific heat capacity has recently attracted a lot of attention 

(Warnke, 2007; Novotny et al., 1972; Song et al., 2004; Yao et al., 2005; Jun et al., 

2005). Now we proceed to calculate the specific heat contribution due to the vibrational 

energy. 

The Helmholtz free energy 

𝐹 = 𝑈 − 𝑇𝑆                                                               (8) 

of the system can be expressed in terms of its partition function 𝑍. 

𝑈 is the internal energy of the system or clusters, 𝑇 is the absolute temperature 

and 𝑆 is the entropy (or) the better way of re-writing for our calculation 

𝑈𝑣𝑖𝑏 = 𝐹𝑣𝑖𝑏 + 𝑇𝑆𝑣𝑖𝑏 ,                                                              (9) 

where 𝑈𝑣𝑖𝑏 denoting the vibrational energy of the system of the (3𝑁 − 5) or (3𝑁 − 6) 

independent harmonic oscillators. 

For the moment, we only need to focus on the vibrational part of the free energy. 

We start from 𝐹𝑣𝑖𝑏 = −𝑘𝑇 ln(𝑧) and let in eqn. below, 

𝑍𝑣𝑖𝑏 = ∏ [2 sinℎ (
𝛼𝑖

2
)]

−1

                                          (10)

𝑁𝑉𝑀

𝑖=1

 

NVM is the number of normal vibrational modes of the cluster. The above calculations 

were used to examine the Helmholtz free energy of the clusters as a function of 

temperature. 
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𝐹𝑣𝑖𝑏 = −𝑘𝑇 ln (∏ [2 sinℎ (
𝛼𝑖

2
)]

−1
𝑁𝑉𝑀

𝑖=1

),       𝛼𝑖 =
ℏ𝜔𝑖

𝑘𝐵𝑇
 .                 (11) 

Here,  ℏ  is  the  reduced  Planck’s  constant  and  𝑘𝐵  is  Boltzmann’s  constant,  so the 

vibrational contribution to the free energy is 

𝐹𝑣𝑖𝑏 = 𝑘𝑇 ∑ [
𝛼𝑖

2
+ ln(1 − 𝑒−𝛼𝑖)].                                         (12)

𝑁𝑉𝑀

𝑖=1

 

Furthermore, we see that 

ln(𝑧) = − ∑ [
𝛼𝑖

2
+ ln(1 − 𝑒−𝛼𝑖)]                                         (13)

𝑁𝑉𝑀

𝑖=1

 

We make use of the relation, to write 

𝑆𝑣𝑖𝑏 = − (
𝜕𝐹

𝜕𝑇
)

𝑉
                                                                    (14)  

𝑆𝑣𝑖𝑏 = (
𝜕

𝜕𝑇
[𝑘𝑇ln(𝑧)])

𝑉
= 𝑘ln(𝑧) + 𝑘𝑇 (

𝜕ln(𝑧)

𝜕𝑇
)

𝑉
      

As we mentioned before, since heat capacity of a material is directly related to the 

atomic structure, measurements of heat capacity as a function of temperature could 

indicate the structural message of nanostructured materials. The vibrational frequencies 

depend on the molecules structure. 

The vibrational contribution to the heat capacity of the system of interest is the 

derivative of the vibrational energy with respect to the temperature. It can be calculated 

as, 

𝐶𝑣𝑖𝑏 =
𝜕𝑈𝑣𝑖𝑏

𝜕𝑇
.                                                           (15) 

From above equations (9-14) the vibrational energy of the system of (3𝑁 − 5) or 

(3𝑁 − 6) independent harmonic oscillators can be written as 

𝑈𝑣𝑖𝑏 = 𝑘𝑇 ∑ [
𝛼𝑖

2
+

𝛼𝑖

𝑒𝛼𝑖 − 1
].                                         (16)

𝑁𝑉𝑀

𝑖=1

 

Combining the last two equations (15) and (16) eventually yields an equation 

linking together the set of eigen-frequencies of the cluster and its vibrational heat 

capacity: 

𝜕𝑈𝑣𝑖𝑏

𝜕𝑇
=

𝜕

𝜕𝑇
[𝑘𝑇 ∑ (

𝛼𝑖

2
+

𝛼𝑖

𝑒𝛼𝑖 − 1
)

𝑁𝑉𝑀

𝑖=1

].                                         (17) 

Finally, we can get the formula to investigate size, structure and temperature 

effects on the heat capacity of clusters, 

𝐶𝑣𝑖𝑏 =
1

𝑁
∑

𝛼𝑖
2𝑒𝛼𝑖

(𝑒𝛼𝑖 − 1)2
;       𝛼𝑖 =

𝑁𝑉𝑀

𝑖=1

ℏ𝜔𝑖

𝑘𝐵𝑇
 , 

 

 

(18) 
                                        𝛼𝑖 = 𝜔𝑖/(0.6950356 ∗ 𝑇), 

                                                                𝛼𝑖 = 𝜔𝑖/𝑇, 

                                        and 𝐶𝑣𝑖𝑏/𝑇3  vs  𝑇 (for the Boson Peaks), 

 
0.6950356 = [ℎ(6.626 × 10−34𝐽 − 𝑠) 𝑐(2.9979 × 1010𝑐𝑚 − 𝑠−1)/𝑘𝐵(1.380 × 10−23𝐽 − 𝐾−1)]−1. 
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Zero vibrational modes are excluded from the summation in eqn. (18), where 𝑁 is 

the size of the atomic clusters. 

 

3. Results and Discussion 

 

In order to fully exploit the potential applications of cluster based nanomaterials, 

it is necessary to gain full control of the cluster size, shape and the structure. Therefore, 

in this article, we present an in-depth study on the behavior of vibrational frequency (at 

∆𝐸 =  0), as well as, heat capacity of the re-optimized neutral gold cluster (𝐴𝑢𝑁 , 𝑁 =
 55). We found that the vibrational frequency and the heat capacity of the cluster was 

very strongly depending upon the structure, shape and mainly influenced by the size. 

 

 3.1. The optimized structure of the cluster 𝑨𝒖𝟓𝟓 

 

At first, the structures were optimized through a so called genetic algorithm (GA) 

in combination with parameterized Density Functional Tight-Binding (DFTB) energy 

calculations and a steepest descent algorithm permitting a local total energy 

minimization. It is given some general information about global minima gold structures, 

which have been revealed by the work of Yi Dong (2006) and Dong & Springborg 

(2007). Nevertheless, 𝐴𝑢55 symmetric structure is 𝐶1, but it is always depends upon the 

ground state minimum-energy isomer (see Fig. 1). The results were compared with 

jellium calculations and with those of earlier embedded-atom studies, it was 

demonstrated that for gold atomic clusters, electronics effects are very important, 

leading to a partly suppression of the occurrence of magic numbers, as well as to low-

symmetry and only partly compact clusters. In addition to that the shell-like structure 

was found.  Moreover, Häkkinen et al.  (2004) and other researchers (Ignacio et al., 

1996;  Huang  et al., 2008; Wang L.M. & Wang L.S., 2012; Jian et al., 2015) found that 

for 53 ≤ 𝑁 ≤  58, low-symmetry, ‘amorphous structure’ were found, which they 

ascribed to strong relativistic effects. Although, Dong & Springborg (2007) 

calculations, the relativistic effects are only partly included, but very similar results are 

nevertheless found. Surprisingly, they found that it has a relatively low symmetry (and 

not an icosahedral, cuboctahedral or dodehahedral symmetry, as other researchers 

assumed and found) with one atom at the center of a slightly distorted high-symmetric 

structure. Their different analysis suggested that there is no fragments of the crystal are 

found. 

Here, for the better understanding, we discus some additional information of the 

optimized clusters which has not been dealt before. Since the optimization procedure 

does not guarantee that the lowest-energy 𝐴𝑢55 amorphous cluster corresponds to the 

global minimum of the PES, it could be possible that ordered or highly symmetric 

structures other than the icosahedron or cuboctahedron exist with lower energy values. 

In our case, the total energy as a function of size of the cluster, is approximately, 

𝐸𝐵(𝑁 )  =  4.95 𝑒𝑉/𝑎𝑡𝑜𝑚 for 𝐴𝑢55, with a very stable structure having with only one 

isomer (Dong, 2006). Moreover, the total energy differences of various clusters are 

relatively small. Howsoever, a noncrystalline cluster will certainly have some short-

range order but that lacks the long-range order that is characteristic of a crystal. 

Very particularly, since there is no spin-polarizations included with DFTB 

calculations, therefore, the gap 𝐸𝑔 between the highest occupied and the lowest un- 
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occupied orbital (HOMO and LUMO) vanishes for odd 𝑁, that means there is no 

fluctuations at all. Nevertheless, for odd 𝑁, considerably two other gaps, one between 

the single-occupied orbital and the lowest completely empty orbital, 𝐸𝑔,1, and the other 

one between the highest completely filled orbital and the single-occupied one, 𝐸𝑔,2. 

Therefore, there is no chance to have, either icosahedral or cuboctahedral shapes (Dong, 

2006; Dong & Springborg, 2007).  

                 
Figure 1. Style (Polyhedral), Optimized structure of the cluster 𝐴𝑢55(𝐶1): Standard orientation 

 of the crystal shape 

 

The term genetic algorithm is used for a class of computational tools searching for 

the global minimum on the PES (Joswig, 2003). The PES is nothing else but a mapping, 

assigning a total energy value to a given nuclear configuration 𝑠 ∈ ℜ(3𝑁−6).  Since their 

underlying philosophy is based on the Darwinian evolution theory, they are given the 

name genetic or evolutionary algorithms. They were first introduced by Holland, who 

tried to improve the understanding of natural adaptation processes by designing 

artificial systems exhibiting properties similar to the ones of their natural equivalents 

(Holland, 1975; Goldberg, 1989). The strategy of the genetic algorithms is to try to 

avoid the generation and calculation of structures which are energetically irrelevant and 

to converge as fast as possible towards the lowest possible energy without missing the 

global minimum, by a mathematical formulation of the idea of the survival of the fittest. 

There is a multitude of different realizations of genetic algorithms (Deaven & Ho, 1995; 

Morris et al., 1996; Roberts et al., 2000; Hartke, 1995). Some of them are reviewed in 

the thesis of Jan-Ole Joswig (2003). At the end, we have confirmed the shapeless 

structure of 𝐴𝑢55(𝐶1), through the size effect which influenced on the vibrational heat 

capacity. 

Notice that the disordered isomers are more stable than the high symmetry 

icosahedron and cuboctahedron clusters. The higher stability of disordered metal cluster 

isomers with respect to symmetric ordered structures was also found in 𝐴𝑙55 using the 

ab initio Car-Parrinello method (Yi et al., 1991) and in P𝑡55 with an EAM potential 

(Sachdev et al., 1993). This behavior contrasts with the one observed in the (𝐾𝐶𝑙)32 

ionic cluster where the rock-salt crystalline structure is more stable than the amorphous 

isomers (Rose & Berry, 1993). Rare-gas atom clusters modeled with a Lennard-Jones 

potential also have a highly symmetric icosahedral structure as the lowest-energy 

configuration for 𝑛 = 55 and other magic numbers (Garzón & Jellinek, 1991; Jellinek 

& Garzón, 1991).  

On the other hand, Wang & Palmer (2012) have been reported the atomic-scale 

structures and fluctuating dynamical behavior of size-selected 𝐴𝑢55 clusters obtained by 
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aberration-corrected scanning transmission electron microscopy (STEM) coupled with 

systematic STEM simulations. No high-symmetry structures (face-centered cubic 

polyhedron, icosahedron, or decahedron) were observed in their statistical investigation. 

They found 𝐴𝑢55 clusters that are characteristic of the theoretically predicted chiral 

structure and similar sister isomers (which together they define as the chiral structural 

zone). The chiral structural zone was found to arise repeatedly in the time-lapse 

sequences of images they measured, though other amorphous-like structures are also 

frequently observed. 

In addition to these reports based primarily on X-ray diffraction and EXAFS 

measurements, studies using high-resolution electron microscopy (Marcus et al., 1990; 

Wallenberg et al., 1985; Fairbanks et al., 1990) were performed. Importantly, these 

studies pointed out that the structure of small gold clusters was unstable; rather 

fluctuations between different shapes, primarily, between icosahedral and cuboctahedral 

habitus were observed (Wallenberg et al., 1985). A theoretical description of these 

fluctuations was given by Sawada & Sugano (1990). Howsoever, these authors 

indicated that the appearance of the cuboctahedral structure has a low probability at 

room temperature.  Based on the experimental studies it can be concluded that an 

icosahedrally shaped cluster was never observed and, astonishingly, even when these 

clusters are not crystalline, they have a higher bonding energy than bulk gold (Jian et. 

al., 2015). 

Garzón & Posada-Amarillas (1996) presented a structural and vibrational analysis 

of several amorphous (disordered) and ordered isomers of a 𝐴𝑢55 − atom gold cluster. 

A Gupta n-body potential, with parameters fitted to gold clusters was used to model the 

metallic bonding in the 𝐴𝑢55 cluster. The molecular-dynamics method combined with 

simulated annealing and quenching techniques were used to perform the cluster 

structure optimization. Their results show that several nonequivalent and nearly 

degenerate in energy amorphous cluster structures are more stable than those with high 

symmetry like the 𝐴𝑢55 − atom Mackay icosahedron and the fcc cuboctahedron. The 

calculated distribution of normal frequencies clearly discriminates between amorphous 

and ordered cluster configurations and confirms their stability. A common-neighbor 

analysis was implemented to characterize the disordered cluster structures, identifying 

the short-range order of the amorphous phase, according to the local environment of 

each atom pair in the cluster. Distorted multilayered icosahedral order was found to be 

the more representative of the amorphous clusters with the lowest energies. At higher 

energies, the amorphous structures are characterized by the presence of distorted local 

icosahedral order. The origin of the higher stability of shapeless vs ordered isomers in 

𝐴𝑢55 is in the short range of the n-body interaction existing in the metal cluster 

bonding. 

There are other interesting features in the vibrational properties of the 𝐴𝑢55 

clusters. The vibrational spectra of the amorphous isomers are shifted to lower 

frequencies with respect to the icosahedron normal modes distribution. This makes the 

amorphous clusters less stiff than the icosahedral isomer. Aside from the clear 

difference between ordered and disordered cluster configurations given through their 

frequency spectra, some differences are also displayed between the vibrational modes 

distribution of amorphous clusters.  In particular, it is notorious that in the lowest-

energy isomer with a configuration not far from the icosahedron, there exists a high 
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density of modes toward the middle of the distribution, whereas in the more disordered 

third lowest lying isomer the frequency distribution is more homogeneous along the 

whole range of frequencies (Garzón & Posada-Amarillas, 1996).  

In our case, the cluster atomic configurations can be used to evaluate the second 

derivatives of the potential energy with respect to the atomic coordinates. These values 

generate the elements of the dynamical matrix. A numerical diagonalization of this 

matrix was performed to obtain the normal mode frequencies and eigenvectors. Six of 

the calculated 3𝑁 eigenvalues are equal to zero, corresponding to translational and 

rotational motions.  The remaining (3𝑁 − 6) frequencies are the vibrational normal 

modes. Table 1 shows clearly the normal mode vibrational frequencies distribution of 

the amorphous 𝐴𝑢55 isomers. The detailed depth information can be explained as 

below. 

 
Table 1. Normal vibrational modes (NVM [3𝑁 − 6]) and the vibrational frequency  

(ωi) [in cm−1] of the cluster 𝐴𝑢55 at ∆𝐸 =  0. 

 
NVM 

(3N-6) 

ωi [cm−1] NVM  

(3N-6) 

ωi [cm−1]       NVM  

     (3N-6) 

  ωi [cm−1] NVM 

(3N-6) 

    ωi [cm−1] 

1 3.41 43 42.59 85 94.95 127 184.21 

2 3.69 44 43.2 86 96.07 128 186.95 

3 5.6 45 43.35 87 98.41 129 192.3 

4 8.03 46 44.42 88 100.05 130 193.53 

5 8.41 47 45.95 89 101.76 131 194.87 

6 9.66 48 47.21 90 104.02 132 196.39 

7 10.52 49 48.15 91 104.81 133 201.87 

8 11.52 50 48.99 92 110.7 134 203.15 

9 12.28 51 50.18 93 111.35 135 204.15 

10 12.87 52 50.56 94 113.78 136 204.89 

11 12.95 53 51.92 95 114.19 137 207.07 

12 13.86 54 54.39 96 116.79 138 210.86 

13 15.14 55 54.6 97 117.38 139 214.44 

14 15.34 56 55.8 98 119.96 140 217.91 

15 16.27 57 57.08 99 123.52 141 221.94 

16 17.79 58 59.44 100 124.58 142 225.44 

17 18.87 59 59.8 101 127.49 143 227.84 

18 19.73 60 60.42 102 130.44 144 231.47 

19 19.94 61 61.59 103 132.49 145 235.02 

20 20.81 62 61.78 104 134.09 146 236.99 

21 21.32 63 62.69 105 135.41 147 241.26 

22 22.04 64 66.11 106 137.8 148 243.73 

23 22.66 65 66.49 107 139.67 149 249.35 

24 23.18 66 67.6 108 142.34 150 250.62 

25 24.83 67 67.89 109 143.4 151 254.83 

26 25.33 68 69.62 110 149.25 152 258.44 

27 26.56 69 71.38 111 151.09 153 261.6 

28 26.92 70 73.97 112 153.41 154 264.34 

29 27.94 71 74.41 113 155.45 155 265.44 
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30 29.82 72 75.1 114 157.63 156 277.04 

31 29.97 73 76.44 115 159.59 157 282.88 

32 31.03 74 77.32 116 159.97 158 300.76 

33 32.04 75 79.61 117 163.95 159 335.78 

34 34.27 76 80.96 118 165.37   - - 

35 34.88 77 81.69 119 167.59   - - 

36 35.31 78 83.46 120 170.11   - - 

37 36.43 79 84.27 121 171.25   - - 

38 37.14 80 88.66 122 173.07   - - 

39 38.06 81 89.63 123 175.94   - - 

40 39.2 82 89.94 124 178.01   - - 

41 40.92 83 92.94 125 179.92   - - 

42 41.6 84 94.53 126 181.63   - - 

 

3.2. The vibrational frequency (𝝎𝒊) ranges of the cluster 𝑨𝒖𝟓𝟓 at  ∆𝑬 = 𝟎 

 

Table 1 shows that the low (at the least) and the high (at the most) frequency 

range of cluster 𝐴𝑢55. The lowest and the highest frequency range in between 

3.41 𝑐𝑚−1 to 335.78 𝑐𝑚−1.  

Firstly, the cluster has some low frequencies 𝜔𝑚𝑖𝑛 in between3.41 − 9.66 𝑐𝑚−1, 

that is only for the first 6 NVM, which comes even below the scale of Far Infrared FIR, 

IR-C 200 − 10 𝑐𝑚−1. 

Secondly, the frequency ranges are in between 10.52 − 196.39 𝑐𝑚−1 for the 7 −

132 NVM, which come within the range of Far Infrared FIR, IR-C 200 − 10 𝑐𝑚−1. 

Thirdly, for the rest of the NVM 133-159, the maximum high frequency ((𝜔𝑚𝑎𝑥) 

− 201.87 − 335.78 𝑐𝑚−1) falls within the range of Mid Infrared MIR, IR-C 3330 −

200 𝑐𝑚−1. 

 

3.3. The double and the triple state degeneracy of the cluster 𝑨𝒖𝟓𝟓 at ∆𝑬 = 𝟎 

 

The vibrational spectra of eigenvalues were found in the region between 3.41 and 

335.78 𝑐𝑚−1. We have observed that the most of the eigenvalues (114) are non-dege-

nerate (single state) vibrations with respect to the NVM. Moreover, an exciting 

phenomena of the excellent motions of the atoms (some) within the clusters, parti-

cularly, 45 out of 159 of the normal modes has released 21 pairs of double-fold and only 

one set of three-fold state degeneracy [NVM 9, 10, 11 → (12.28, 12.87, 12.95) 𝑐𝑚−1] 

occurred (see Table 1), most interestingly even at the beginning of the normal mode 

vibrations. This gives a very strong confirmation of the energy can be observed and be 

released with the same amount that corresponds to a certain local bong length re-

arrangements. A very interesting and excited things to be noticed that the first 2 pairs of 

double-fold degeneracy occurs below the scale of Far Infrared FIR, IR-C 200 −

10 𝑐𝑚−1. Such kind of frequencies may not be possible to observe in the experimental 

calculations or will be silent. 
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Figure  2.   Style (Polyhedral), 𝐴𝑢55(𝐶1): View  along  the  𝑎-axis,  View  along  the 𝑏-axis  

and View along the 𝑐-axis (from top to bottom) 
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Figure 3.  Style (Polyhedral), 𝐴𝑢55(𝐶1): Rotate around the a*-axis, Rotate around the b*-axis and Rotate 

around the c*-axis (from top to bottom) 
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Figure 4.  Style (Polyhedral), 𝐴𝑢55(𝐶1):  Rotate around the 𝑋-axis, Rotate around the 𝑌-axis  

and Rotate around the 𝑍-axis (from top to bottom) 
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 Structural view of the shapeless 𝑨𝒖𝟓𝟓(𝑪𝟏) structures: In one case, from the Figs. 

2, 3; we are looking down the direct space 𝑎, 𝑏,  or 𝑐 axis and in the  other case we are 

looking down the reciprocal space 𝑎∗, 𝑏∗ and 𝑐∗ axes. Since the axis of Cartesian 

coordinates does not have any changes, because it is not a crystal structure. By the way, 

we have also shown the structure is being rotated around the 𝑋-axis, the 𝑌-axis and the 

𝑍 −axis (see Fig. 4) [See the number of faces, vertices and edges]. Over all, in the 

perspective view the shell-like structures are found. It is suggested that the ability of 

gold to form strong binding in low-coordinated systems is the reason for the occurrence 

of shell-like structures. This cluster is composed of two shells surrounding a central 

atom. 

Peculiarly, the optical absorption of bare and ligand-coated 𝐴𝑢55 and 𝐴𝑢69 Schmid 

clusters were calculated using time-dependent density functional theory. Calculations 

were performed using the explicit time propagation method with the local density 

approximation for the exchange-correlation potential. Both icosahedral and 

cuboctahedral structures of the 𝐴𝑢55 gold core were simulated. The ligand coating was 

shown to have the effect of reducing the features of the optical absorption spectrum of 

the clusters, giving a profile more similar to experimental results. The difference in the 

optical absorption between the different geometries and core sizes is also less marked 

when the clusters are coated. The results suggest that within the 1.4 𝑛𝑚 size range, the 

absorption spectra are dominated by the coating and are not experimentally 

distinguishable. Binding energies were also calculated for the 𝐴𝑢55 cluster, showing that 

the cuboctahedral structure has lower energy although the energy difference was very 

small. The effect of the coating on the electron density of the gold cluster was also 

investigated by subtracting the electron densities of the bare clusters from those of the 

coated clusters (Tsoli et al., 2005; Schmid et al., 1981; Schmid, 1985; Schmid, 2008). 

Again, in the nanometre regime, the 55-atom clusters are of particular interest 

because they correspond to a magic number in the Mackay icosahedron series. 

However, several theoretical calculations have suggested 𝐴𝑢55 possessing a disordered 

amorphous structure as opposed to ordered icosahedrons (Doye & Wales, 1998; 

Michaelian et al., 1999; Garzón et al., 1998).  In 2004, Issendorff and co-workers 

(Häkkinen et al., 2004) reported systematic high resolution PES spectra of coinage 

metal clusters  𝐶𝑢𝑛
−, 𝐴𝑔𝑛

−   and  𝐴𝑢𝑛
−    with n = 53 − 58.   It  was observed  that  while  

the  spectra  of  𝐶𝑢𝑛
−  and  𝐴𝑔𝑛

−   were  practically  identical  to each other, 𝐴𝑢𝑛
−   

clusters displayed completely different spectral patterns.  Particularly, the spectra of 

𝐶𝑢55
−   and 𝐴𝑔55

−   were found to be rather simple with several well-separated peaks in the 

s-band region (corresponding to the delocalized electron shells 1G, 2P and 1F) (Taylor 

et al., 1992), while that of the 𝐴𝑢55
−   exhibited one broad (yet congested) band with 

numerous fine structures. The relatively simple spectral features observed for 𝐶𝑢55
−   and 

𝐴𝑔55
−   are a signature of high-symmetry structures. Comparison of the PES spectra with 

simulated DOS for a number of candidate structures indeed concluded that 𝐶𝑢55
−  and 

𝐴𝑔55
−  have icosahedral (𝐼ℎ) ground state structures, whereas the low-lying isomers of 

𝐴𝑢55
 −  are all of low symmetries.  It was demonstrated that the preference of 𝐴𝑢55

−  to 

adopt a low-symmetry structure was due to a relativistic effect, since the reference non-

relativistic calculations would give rise to a fictitious (𝐼ℎ) ground state 𝐴𝑢55
−  very 

similar to 𝐶𝑢55
−   and 𝐴𝑔55

− . 
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Huang et al. (2008) have carried out a joint PES/DFT investigation of 𝐴𝑢𝑛
− with 

𝑛 = 55 − 66, providing a detailed mechanism of how the relativistic effect leads to the 

low-symmetry structure of 𝐴𝑢55
 − . Relativistic effects of 5d-6s orbitals of the gold atoms 

lead to a distortion of the computed geometries of the icosahedral and cubahedral 

isomers compared to the perfect geometrical shape (Häkkinen et al., 2002; Häkkinen et 

al., 2004; Häkkinen & Moseler, 2006; Pyykkö, 2004). Because of a better hybridization 

of the outer shell face center 6s and face edge 6s orbitals, the negatively charged 𝐴𝑢55
 −  

cluster has a less distorted geometry than the neutral and positively charged clusters 

(Periyasamy & Remacle, 2009). Experimentally, the bare 𝐴𝑢55 clusters are usually 

stabilized and crystallized in the presence of ligand and solvent layers, which affect 

their structural and electronic properties.  For ligated clusters, the starting geometry of 

the 𝐴𝑢55 core was chosen as the stable icosahedral one. This was supported by their 

previous computations on the 𝐴𝑢55(𝑃𝐻)
12

𝐶𝑙6 complex where the optimization of 

cubahedral geometry in the presence of ligands systematically reverts to the distorted 

icosahedral geometry for all charged states (Periyasamy & Remacle, 2009). 

Over all conclusion, Jian et. al., (2015) found that the Schmid synthetic route does 

produce passivated clusters consistent with the formula 𝐴𝑢55(𝑃𝑃ℎ3)
12

𝐶𝑙6 clusters as 

well as clusters containing from about 35 to 60 Au atoms. The fraction of clusters 

containing 54 ± 1.5 Au atoms, as fractionated by the cluster mass balance (and 

assuming the standard ligand number), presents atomic structures, measured by 

aberration corrected STEM which fit best to the hybrid model (42 percent) and 

amorphous structures (58 percent). They found no evidence of the previously proposed 

cuboctahedral and icosahedral structures. However the hybrid structure, first proposed 

for bare 𝐴𝑢55, contains both close-packed and icosahedral-type motifs and appears to 

rationalize the previous contradictory assignments. Looking forward, the combination 

of size-fractionation by the STEM mass balance method and atomic structure 

determination in the aberration-correction regime holds promise to reveal the isomeric 

structures of other nanoparticles (Jian et. al., 2015). 

 

3.4. The size effect through the vibrational heat capacity of the cluster 𝑨𝒖𝟓𝟓 

 

In Figure. 5, we have plotted 𝐶𝑣𝑖𝑏 vs. 𝑇 at 𝑇 = 0.75 − 300𝐾, in order to prove 

the size and the temperature influenced effect upon the cluster. Particulary, there is a 

sudden rise at 𝐶𝑣𝑖𝑏 curve that is due to the starting point of the low frequency of the 

cluster. Our investigation revealed that the 𝐶𝑣𝑖𝑏 curve is strongly influenced by the 

temperature, the size, and the structure dependency. Surprisingly, 𝐶𝑣𝑖𝑏 curve is a 

monotonously increasing function of 𝑇 (which tends asymptotically). The temperature 

dependence of the individual modes led to the total vibrational heat capacity for the 

cluster. 

Interestingly, we found that the 𝐶𝑣𝑖𝑏 curve of a neutral gold cluster increases 

smoothly towards the high temperatures and approaching a constant value, 𝐶𝑣𝑖𝑏 =
2.80 (2.79586) 𝑘𝐵 𝑎𝑡𝑜𝑚⁄  at 300K, and essentially becoming flat. Moreover, the 

expected absolute value (for size-dependent per atom −(3𝑁 − 6)/𝑁) should be  𝐶𝑣𝑖𝑏 =
2.89 𝑘𝐵 𝑎𝑡𝑜𝑚⁄ . In our case, the difference is just only 0.09 𝑘𝐵 𝑎𝑡𝑜𝑚⁄  from the absolute 

value, which is very reasonable within the numerical approach. Nevertheless, at the end, 

𝐶𝑣𝑖𝑏 curve almost reached an excellent accurate value, 2.88 (2.88099) 𝑘𝐵 𝑎𝑡𝑜𝑚⁄  when 
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the temperature is high enough, 950 𝐾. With this we can be sure that the structural 

symmetry can be 𝐶1 for 𝐴𝑢55. 

 

 
 

Figure 5. 𝐴𝑢55 (𝐶1): The vibrational heat capacity 𝐶𝑣𝑖𝑏 vs. T at 0.75 −  300 𝐾. 

 

3.4.1. The Boson peaks (BP) 𝑪𝒗𝒊𝒃 𝑻𝟑 ⁄ vs. T of the cluster 𝑨𝒖𝟓𝟓 

 

As shown in Fig. 6, with respect to eqn. (18) and the corresponding Boson peaks 

𝐶𝑣𝑖𝑏 𝑇2 ⁄  vs. 𝑇 and 𝐶𝑣𝑖𝑏 𝑇3 ⁄  vs. 𝑇  were plotted at the low temperatures 𝑇 = 0.75 −
50𝐾. Some very interesting phenomena being observed, with 𝑇2 at the 𝑦-axis the curve 

reached maximum at the energy values with 0.01 𝑘𝐵 𝑎𝑡𝑜𝑚⁄ , at the same time, with 𝑇3 

the curve was shrunken and reached the maximum with the lowest energy values in 

between 0.005 − 0.006 𝑘𝐵/𝑎𝑡𝑜𝑚, but there is no changes occurred on the 𝑥-axis, at all. 

Here, the “hook shape curve” occurrence may be due to the vibrational spectrum 

starting with consequently double-fold and tripe-fold degeneracy at the beginning of the 

normal modes of vibrations. 

The Boson peak is usually studied in glasses, where enhancement of heat capacity 

is induced by disorder. The modeling of clusters may be important for understanding 

the mechanism which leads to this effect. In glasses, there are different local 

configurations of atoms that may be simulated by isolated clusters.  In particular, it was 

found that the vibrational density of states (VDOS) exhibit an excessively low-

frequency contribution. A corresponding low-temperature peak is observed in the 

temperature dependence of the specific heat if plotted as 𝐶𝑣𝑖𝑏(𝑇) 𝑇3 ⁄  

Hao Zhang and Jack F. Douglas (Zhang et al., 2010; Zhang & Douglas, 2013) 

usually studied the Boson peaks from the velocity autocorrelation function, but they are 

both concerned about an “excess” contribution to the vibrational density of states. This 

feature has been observed in metal nanoparticles and zeolites (see: Greaves) and 

attributed to the coordinated harmonic motions of groups of atoms in the boundary 

region of the particle. There are similarities here to a glass because the surface of a 

nanoparticle has many features in common with this class of materials. In cases where 
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the modes have been resolved, the Boson peak has corresponded to a ring of oscillating 

particles, the relatively low mass being related to the relatively high mass of these 

modes. Farrusseng & Tuel (2016) also studied the perspectives on zeolite-encapsulated 

metal nanoparticles and their applications in catalysis. 

The increase in 𝐶𝑣𝑖𝑏 𝑇3 ⁄  from 4.62−03  𝑘𝐵 𝑎𝑡𝑜𝑚⁄  at 0.75 𝐾 found for 𝑇 → 0 and 

the maximum deviation at 1.5 𝐾, finally the Boson curve shows that the exponential 

decay and reaches towards zero at low temperatures itself, which are  due to strong 

singularities can be found for the TA phonons at the edge atoms on the surface of the 

clusters. This indicates and confirms a strong disorder nature in the cluster. Moreover, 

there will be only a minor vibrations at very low temperature, due to the less 

electrostatic interactions between the nearest neighbouring atoms. Most probably, the 

acoustic vibrations are more important at low temperatures, because they dominate the 

heat capacity (Sauceda et al., 2012; Sauceda et al., 2013a; Sauceda et al., 2013b; 

Sauceda & Garzón, 2015a; Sauceda & Garzón, 2015b; Bravo-Perez et al., 1999a; 

Bravo-Perez et al., 1999b). Low-frequency modes of harmonic systems can be related 

to the small amplitude of acoustic waves, which are experimentally observed in all 

elastic bodies. This implies that, at low temperatures, the specific heat is largely 

determined by the  low frequency part of the vibrational spectrum and it is only at high 

temperatures that a substantial portion of the spectrum comes into play. However, the 

acoustic modes will vanish at the longer-wavelength. Therefore, our estimation may be 

minor longitudinal and transversal sound velocities through the sine-wave anticipated 

(from eqn. 10-12) by Kieffer (1979a; 1979b), but it will be only possible at the surface 

of the material. 
General view: The bending waves are important due to two reasons. First of all 

they are mainly responsible for the radiation of sound from vibrating structures since 

they have a displacement component in the normal direction to the surface of the 

structure. Secondly, it is the most common wave type when dealing with structure borne 

sound. At higher frequencies the bending waves change to transversal waves. We 

assume that the bending waves on atoms, lower frequencies travel slower than the 

higher frequencies and the form of the signal will therefore be distorted. 

To be noticed: Since a very interesting physical phenomena is being observed, let 

us remember the Figure 5, and the vibrational heat capacity 𝐶𝑣𝑖𝑏 at above 25 𝐾, raises 

smoothely (as a linear) and reaches towards 2.80 𝑘𝐵 𝑎𝑡𝑜𝑚⁄  that has showed the size 

effect values at high temperatures. Similarly, in the Boson peak, 𝐶𝑣𝑖𝑏 𝑇3 ⁄ gets saturated 

(as a linear) at above 25 𝐾, but here it towards zero values (0 𝑘𝐵 𝑎𝑡𝑜𝑚⁄ ). The lower 

frequencies certainly make a larger contribution to heat capacity. Nevertheless, the 

Boson peaks are highly visible, i.e., and the strength of the peaks strongly depends on 

the atomic coordination number. There are several origins, most of them related to the 

thermal fluctuations. If the atomic coordination is low, a single negative force constant 

renders the atomic arrangement much closer to an unstable situation than in the highly 

coordinated case (Vollath & Luo, 2016; Vollath et al., 2017; Luo et al., 2016).  

With the above given detailed information from the many different researchers 

and their different techniques and our results proven through the size effect, is being an 

excellent agreements of those conclusion of the non-crystalline, we conclude that 

𝐴𝑢55(𝐶1) is definitely of amorphous structure without any doubts. 
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Figure 6. 𝐴𝑢55: The Boson peaks 𝐶𝑣𝑖𝑏 𝑇2 ⁄  (top) and 𝐶𝑣𝑖𝑏 𝑇3 ⁄  (bottom) corresponding  

to the Figure 5 

 

4. Conclusion 

 

We have calculated the vibrational frequency (at ∆𝐸 =  0) of a bigger cluster the  

shell-like structure (they are part of the family of so-called full-shell clusters) and the 

heat capacity. The ab initio calculations performed within this study confirm the 

experimental results: The most stable configuration of the 𝐴𝑢55 cluster is not crystalline 

but with a high probability this cluster is a shapeless. This cluster was composed of two 

shells surrounding a central atom. Furthermore, a shell structure should not be 

considered as a kind of ordering in the context of small nanoparticles. Even the random 

arrangement of gold atoms, used as starting condition for some of the calculations, 

shows such a shell structure.  In addition to that the structure was confirmed through the 

size effect, influenced by the heat capacity. We conclude that, the highest probability of 

the lowest energy structure for 𝐴𝑢55 can be amorphous (as non-crystalline), which is an 

excellent agreement with the conclusion of the known results (Doye & Wales 1998; 
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Huang et. al., 2008; Wang L.M. & Wang L.S., 2012; Jian et al., 2015).  Moreover, we 

expect that our amorphous structure will have low toughness, but with high strength at 

the certain temperatures that was confirmed through the different heat capacity curves 

(See Fig.5 and Fig. 6). 

Last but not least, our present study gives an additional support to the prediction 

of the existence of shapeless stable structures in metal clusters. The appearance of such 

structures will always depend on the range of the n-body interaction responsible for the 

metallic cohesion in these systems. Some similar results to ours have been found in 

other metal clusters using different semiempirical potentials and ab initio methods. As a 

consequence, the existence of amorphous clusters does not depend on the use of any 

specific model potential but on the range and screening of the collective interaction 

between nuclei and electrons (Garzón & Posada-Amarillas, 1996). 
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