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sections of the processes of the production of three CP-odd Higgs bosons and a Z-boson, and two CP-odd Higgs
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1 Introduction

As is known, the Higgs mechanism (Higgs, 1964a, 1964b; Englert & Brout, 1964) is the key
point of the electroweak sector of the Standard Model (SM) (Glashow, 1967; Weinberg, 1967;
Salam, 1968). Electroweak gauge bosons and fundamental particles of matter acquire mass
due to interaction with a scalar field — the Higgs boson Hgp;. The discovery of the Higgs
boson with characteristics corresponding to SM predictions was carried out by ATLAS and
CMS collaborations at the Large Hadron Collider (LHC) (ATLAS Collaboration, 2012; CMS
Collaboration, 2012) (see also reviews Rubakov (2012); Lanyov (2014); Kazakov (2014)).

One of the main constants of the Higgs boson interaction is the constant of the three Higgs
boson interaction Apg,, Hey Hey - Lhis constant can be measured during the production of two
Higgs bosons and a Zboson in electron-positron collisions: e~e™ — ZHgyHgpr. This process
without taking into account the polarization states of the electron-positron pair is considered
in (Djouadi, 2005). We have already investigated this process taking into account arbitrary
polarization states of an electron-positron pair (Abdullayev & Gojayev, 2022, 2023).
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Along with SM, is also widely discussed in the literature the MSSM (Djouadi, 2003; Djouadi
et al., 1999; Kazakov, 2001). Here we introduce two doublets of the scalar field ¢; and @9, the
potential energy, which is expressed as (Djouadi et al., 1999) (CP-preserving theory)

Vg1, 02) = miy(¢f 1) +m3s (03 ¢2)
- [m%2(90f902) +h'C']
1 +oy2 1 + 0,012
+ 5)\1(901 01)° + 5)\2(902 ©2) (1)
+ A3(eT 1) (03 02) + A9 02) (03 1)

+ {;Af’("‘)T@?)Q + [N 1) + Ar(p3 ©2)] (0f 2) + h.c.} .

In the MSSM, the parameters A\; — A7 are given by the constants g and ¢’ of the electroweak
symmetry SUL(2) x Uy (1):

1 1
M=X=—(+d%), X=-("—7"),
>\4=—592, As =X¢ = A7 =0,

and the mass parameters are equal:
, 1
m%l = (Mi + M%) sin’ 8 — iM%’
1
m%Q = (Mfl + M%) cos? 8 — §M§, (3)
1
mi, = §ME‘ sin 203.

Here M4 and My — are the masses of A and Z-bosons, 3 — is the mixing angle of the scalar
fields of the MSSM.

The scalar fields g and 2 are decomposed into real and imaginary parts around the vacuum
state

1 (m + HY + in)

IRVCAN iy

_ 1 Hy
2= /2 \vg+ H) +iPY )"

Physically, CP-even Higgs bosons H and h are obtained by mixing the fields HY and HY

(mixing angle «):
H _( cosa  sina H? (5)
h ) \—sina cosa HY)"

By mixing the fields P? and Py (Hf and Hi), the CP-odd Higgs boson A (charged Higgs
bosons H*) is obtained (here the mixing angle j3):

G° [ cosB sinf Py

A ] \—sinf cosp Py’
G* [ cosB  sinp\ (H i
H*) \—sinf cosfB) \HF )’

where G° and G*— are neutral and charged Goldstone bosons.

(4)
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Higgs bosons are characterized by six parameters: My, My, M4, Mg+, o and 8. Of these,
only two parameters are free: My and tanf. The masses My and M}, are defined through the
masses M4 and My and by the parameter tans:

1
M%I,h =3 [Mfl + Mj + \/(Mf‘ + M2)%2 — 4AM3MZ cos? 23| . (7)
The mass of charged Higgs bosons is expressed by the masses M4 and Myy:

M3 = M3 + M. (8)

The mixing angle « is given by the expression

M3 + M2 T
tan2a:tan2ﬁw <—§§a§0>. (9)

Detection of Higgs bosons H,h, A, H* and determination of their physical characteristics
is one of the main tasks of the LHC collider and future electron-positron or muon-antimuon
colliders. Currently, the construction of a new generation of electron-positron colliders ILC,
CLIC, FCC-ee, CEPS has already been designed (Shiltsev, 2012; Peters, 2017). These colliders
in the future will allow us to study the physical properties of Higgs bosons MSSM.

Note that the main processes that can occur in electron-positron collisions are the production
of three CP-odd Higgs bosons:

e +et 2 A+ A+ A (I)

and the joint production of a vector Z-boson and two CP-odd A-bosons

e +et 5 Z+A+ A (IT)

These processes are considered in (Djouadi et al, 1999), however, the polarization states
of the electron-positron pair are not taken into account in this work, the angular and energy
distributions of CP-odd Higgs bosons are not investigated. In this paper, we have investigated
the processes (I) and (II) taking into account the annihilation of an arbitrarily polarized electron-
positron pair. Analytical expressions for the differential effective cross sections of processes (I)
and (II) are obtained within the framework of the MSSM. Left-right Arr and transverse A,
spin asymmetries due to electron-positron pair polarizations are determined. The dependence
of asymmetries and differential effective cross sections on the departure angles and particle
energies is studied in detail. The possibility of measuring the constant of the three Higgs boson
interaction Ap44 and the constant of the interaction of two vector Z-bosons and two CP-odd
A-bosons gzza4 is discussed.

2 The production of three CP-odd Higgs bosons

First, let s consider the process of the production of three CP-odd Higgs bosons in electron-
positron collisions. It is known that the vertices Zhh, ZhH, ZHH and ZAA are forbidden by
CP-invariance in the MSSM. Possible vertices are ZH A and ZhA. Consequently, the process of
the production of three CP-odd A-bosons in the collision of an electron-positron pair is described
by the Feynman diagrams shown in Fig. 1. According to these diagrams, the electron-positron
pair annihilates into a vector Z*-boson, which turns into a CP-odd A-boson and a CP-even
®*-boson (®* = h*- or H*-boson), and then the ®*-boson decays for two A-bosons.

In the MSSM, the amplitude corresponding to diagram a) of Fig. 1 can be written as follows

Ma = gZeegZCI)Ag@AAguDMV(p) [k3l/ - (p - k3)u]D<I> (p - kS)QD*(kl)SO*<k2)(P*(k3)7 (10)
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Figure 1: Feynman diagrams of the reaction e“et — AAA

where p = p1 + p2, p1, p2 and ki, ko, ks— 4-momentum of the electron, positron and CP-odd
A-bosons; gzee = (\/ﬁGF)l/zMZ— is the interaction constant of an electron with a vector Z-
boson; gzoa— is the interaction constant of a Z-boson with ®- and A-bosons; ¢, — is the weak
neutral current of an electron-positron pair:

Uy = 0(p2, s2)ulgr (L 4 75) + gr(1 — 75)]ulp1, s1); (11)
s1 and so — are the 4-polarization vectors of the electron and positron
1
gL=—5tIw, gr=2Iw (12)

the left and right constants of the interaction of an electron with a Z-boson; zy = sin® 0y —
the Weinberg parameter; D, (p) and Dg(p — k3) — propagators of vector Z- and ®-bosons

._g;w + p,u,pu/M%
D,(p) = , 13
w®) = = (13)

i
(p— k3)? — Mg’

Mg — is the mass of the ®-boson; gp 44— is the interaction constant of CP-even ® and CP-
odd A-bosons; ¢*(k;)(i = 1, 2, 3)—is the unit-normalized wave function of the A-boson with a
4-momentum k;.

At high energies of the electron-positron pair s >> m? (where s— is the square of the total
energy e~ e -pairs in the center of mass system, m.— is the mass of the electron), a weak neutral
current is preserved:

Do (p — k3) =

g,up,u = g,u(]?l +p2)u =0,
as a result, the amplitude (10) is simplified:
Mz 1

]\/[a = _igZeegZJ
v s%(

21— Callka )™ (k)¢ (k2)” (k3). (14)
s r7)
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It is taken into account here that (Djouadi et al, 1999)

9z

9zna =5 cos(ff — a),

9z .
9zHA =~ sin(f — «),
ghaa = —i—Z \paa,

v
2

JHAA = _’iTZ/\HAA

and the notation is derived

_ Ahaacos(f — a) ~ AHaa sin(f — «)

C; . (1=1,2,3)
Yi+ 714 —Th Yi +74 —TH
M2 M? M?2
rz = Za rA = Aa re = (b(@:haH)a (16)
S S
_ 2E;

Yi = 1 — Iy, Ty \/g ’
E;— is the energy of the A-boson with 4-momentum k;; v = (\/§GF)_1/2 = 246 GeV is
the vacuum value of the standard Higgs boson field; gz = g/cos 0y ; the three-boson interaction

constants Ap 44 and A4 are functions of the mixing angles of the scalar fields o and 8 (Djouadi
et al., 1999):

Ahaa = cos2f -sin(f+ «), Agaa = —cos2f-cos(f + «).

Diagrams b) and c) Fig. 1 differ from diagram a) by swapping the Higgs bosons A(ks) —
A(ky) and A(ks) — A(k1). The total amplitude of the process e”et — AAA consists of three
amplitudes:

M?2 1
M = —j Tz -y
19Zeedz U 82(1 — T'Z) v (17)

x [Cskzy + Cakay + Crk1 @™ (k1) @™ (k2) @™ (k3).
Squaring the amplitude modulus (17):
8V2G3 M
83(1 — Tz)2

where L, — is the electron-positron tensor:

‘M‘Z - 'TZL/JJ/ 'C/u/y (18)

Luw = 2(97 + 97) P1up2v + p2up1v — (P1 - P2) g
— mZ(s1u820 + S2u510 — (51 52)gpw)]
+2(g% — gR)me[prusos + S2.010 — (D1 - 52) Gy
— P2uS1y — S1uP2w + (P2 - 51)9u)] (19)
+4gr.9r[—(p1 - p2) (514520 + 524510 — (51 - 52)9)
— (81 - 52)(P1pp2v + P2uP1)
+ (P2 - 1) (P1uS2w + S2uP10 — (D1 - 52)9urr)
+ (p1 - 82) (51020 + P2uS10)];

Clw— the tensor of CP-odd Higgs bosons

O = C3ksuksy + C3koykay + Ciky k1, + C30s (ksukay + kayksy)

20
+ C3C (ksukiy + kiuksy) + CoCh (kopkiy + kiukoy) - (20)

69



ADVANCED PHYSICAL RESEARCH, V.7, N.1, 2025

Note that in the electron-positron tensor (19) we have left only the symmetric part, since
the tensor C),, is symmetric.

After multiplying the tensors L,, and C,,, for the square of the amplitude modulus (18),
we obtain the expression:

3 GTZ
| QZ]igg?figz4z{C§b%+g%]
X [2(]91 - k3)(p2 - k3) — (p1 - p2) M3 — m2(2(s1 - k) (s2 - ks) — (s1 - SQ)M,%{):|
+ (91 — gr)me [2(191 - k3)(s2 - k3) — (p1 - s2) M3 — 2(p2 - ks)(s1 - k3) + (p2 - Sl)Mi]
+ QQLQR[* (p1-p2)(2(s1 - k3)(s2 - k3) — (s1 - s2)M3) — 2(s1 - s2)(p1 - k3)(p2 - k3)

+ (p2 - 1) (2(p1 - k3)(s2 - k3) — (p1 - 82)M31) +2(p1 - s2)(s1 - k3)(p2 - kB)}
+ C3lk3 — ko] + C?kz — k1]

+2C5C (97 + g7) {(pl - k3)(p2 - k2) + (p1- k1) (p2 - k3) — (p1 - p2) (k2 - k3)
- mz((sl . ]{33)(52 . ]432) + (81 . kQ)(SQ . k‘g) — (Sl . 82)(]{22 . /{:3))] (21)
+ (97 — gh)me [(Pl “k3)(s2 - ka) + (p1 - k2)(s2 - k3) — (p1 - s2) (k2 - k3)

— (p2 - k2) (51 - k3) + (p2 - 51) (k2 - k3)}

+ 2C3C, [k'Q — k‘l] + 2C5C4 [kg — ]ﬁ]}

— —
The unit spin vectors of the electron and positron in their rest systems £, and &, are
decomposed into longitudinal and transverse components:

?1 =T\ + 71» ?2 =-Th+ 7% (22)

where 77 — is a unit vector directed by the electron momentum, A; and Ay — are the helicities of

the electron and positron, 71 and 72 — are the transverse components of their spin vectors.

First, let s assume that the electron-positron pair is longitudinally polarized. In this case,
the differential effective cross section of the reaction e"e™ — AAA will take the form:

dO'()\]_,)\Q) G%Mg ry )
= : 1— A1+ A
dridzodQ 2482714 s2(1—1yz)? gr(1 =)L+ A2)

+ 912%(1 + )\1)(1 — )\Q)Fl

)
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where
F = C? [:1:%(1 — v? cos® 03) — 4r 4v% sin? 0] + C3 [m%(l — v? cos® )

—drav?sin® 0y + CF [23(1 — v® cos® 01) — drav? sin® 04 |

+20C5C5 |xox3 — UZ\/(J}% — 47‘,4)(1‘% —4ry) - cosfycosbls —2(y1 —ra)
- . (24)

+205C |z125 — V2 \/(x% —4ra)(z% — 4ra) - cosby cosO3 — 2(y2 — ra)

+2C5C |x120 — UQ\/(Z% —4ra)(x3 —4ra) - cosby cosfy — 2(ys —ra)| ,
v =+/1—4m2/s — is the velocity of the electron, dQ— solid angle of departure A- boson with
4-momentum ki; 61, 65 and 03 — the angles between Lhe directions of the momenta of the electron
and the Higgs bosons with momenta k1, k2 and k 3.

It follows from the formula of the differential effective cross section (23) that the electron and
positron must have opposite helicities: eZeE and e;%eJLr. This is due to the law of conservation of
the total moment in the transition e“et — Z*. Therefore, the process e e™ — AAA corresponds
to two spiral sections

GSMG ng2
do(e;el —» AAA) = — -2 . LBy dzdzedQ
ole;en — ) 62v3rt s —rg)2 1 r1drodil,
G%Mg TZQJQ%

da(e]}ez — AAA) = 5 F1dr1daadSQ.

62274 . s(1—rz)
So, the process e”et — AAA has a left-right spin asymmetry

do(ejef, = AAA) —do(epe; — AAA) g2 — g% 1 —dzw
do(epef — AAA) + do(ezef — AAA) 249y 1—daw +82%
depending only on the Weinberg parameter xy,. With the value of this parameter xy = 0.2315,
the left-right spin asymmetry is equal to: Apr = 0.14.
. . - .

Note that in the centre-of-mass e~ et-pair for ?1 + ?2 = k1+ ko+ k3 =0, the Higgs
bosons are in the same plane with the azimuthal angle ¢ of departure. In this system, the laws of
conservation of energy and momentum in the variables x1, 9, x3 and departure angles 601, 02, 03
are written as follows:

Arg =

1+ T2+ x3 = 2,

(25)
\/ T3 — 4r cos by + \/m% — 4r 4 cos Oy + \/mg —4r 4 cosfs = 0.

It follows from these conservation laws that the scaling energy of each of the Higgs bosons
varies within

2M 4
S

<x;<1-3ra (i=1, 2, 3). (26)

Now suppose that the electron-positron pair is transversely polarized. Let s choose a coor-
dinate system so that the momentum of the electron 71 is directed along the Z axis, and its
spin vector 71 along the X axis (see Fig. 2), then the spin vector of the positron 72 will lie
in the XOY plane, the angle between the transverse spin vectors 71 and 72 is denoted by ¢g.
In this case, the differential effective cross section of the process e"et — AAA is expressed by
the formula

do(F0, ) _ GEMS 1
dxidzaedf) 248274 s(1 —ry)?

[(97 + 9%) F1 + 29L.9rmm ] , (27)
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where the function Fj is given by the expression (24), and the function F5 is equal to (the square
of the electron velocity is assumed to be v? ~ 1):

Figure 2: Choosing a coordinate system.

Fy=— [C??(xg - 47’,4) Sin2 (93 + Cg(x% — 47',4) Sin2 92 _ 012(%% _ 47“A) Sin2 91:|

X cos(2¢ — o) + 2C5C, [cos ©0 (.’1321'3 — \/(a:% — 4r) (2% — 4r4) cos(f2 — 03))

_ 2(y1 — T‘A)\/(ZIJ% — 4TA)(I§ — 4TA) sin (92 sin (93 COS(QLp — gO())}

+ 2C3C, {cos Yo <:1:1x3 — \/(x% — 47;4)(1:% —4r4) - (cos By cos 03 + sin 6 sin 93)> (28)

—2(y2 — TA)\/(JC% — 4TA)(:U§ — 4r4) sin 0y sin 65 cos(2¢ — gpo)}

+2C5C4 [cos ©0 (mlzcg - \/(;v% —4r ) (22 — 4r4) - (cos 0y cos Oy + sin 0y sin 92))

—2(ys — 7“,4)\/(.%‘% — 4r4) (23 — 47r4) sin 01 sin O cos(2p — gpo)} .

It follows from the formula of the differential effective cross section (27) that the process
under consideration e”"et — AAA has a transverse spin asymmetry
_ Zgror Iy (29)

97, + 9% Fy

To estimate the transverse spin asymmetry, we assume that the angle ¢y = 7, the energy
of the electron-positron pair /s =500 GeV, the mass of the A-boson My = 150 GeV, the
parameter tanf = 3, the Weinberg parameter xy = 0.2315, the scaling energies of the Higgs
bosons x1 = x9 = 0.65 and z3 = 0.7. In addition, we believe that the 63 = 90°, and the angles
01 and 60, associated ratios cosfly = —cosfy, sinfly = sinfy. In this case, the functions F} and
F, are simplified:

©

F :C§(x§ —dry) + (022 + 012)(:1:% —4ry) sin? 61 + 2C5,C4 [xoxs — 2(y1 — r4)]

(30)
+ 2030 [w133 — 2(y2 — ra)] 4+ 20201 [z122 + (22 — 4r4) cos® B — 2(y3 — ra)l,
Fy = [C3(23 — 4ra) + (C3 + C7) (2] — 4r4) sin? 1] cos 2¢
+ 2C5C {—1‘21‘3 + \/(ﬂsg —4ra)(z% —4ra)sind; —2(y1 —ra)
(31)

—|—\/(ac% —4ra) (2% — 4ra) - sin by cos 2

+205C1 [—xlxg + (x% —dry)(— cos? 0y + sin® 0 + sin® 0 cos 20) +2(ys — TA)] .
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Figure 3 shows the angular dependence of the transverse spin asymmetry at the above
values of the process parameters e e™ — AAA. As follows from the figure, the transverse spin
asymmetry is negative and decreases with an increase in the departure angle 6.

_0’7 1 1 1 1 1
10 20 30 40 50 60 70
0,,degree

Figure 3: Dependence of the transverse spin asymmetry on the angle 6,

Averaging over the spin states of the electron-positron pair, for the differential effective cross
section of the reaction e“et — AAA, we obtain the formula
d G3 M6 2 2
7 _ - JEZ ., 9L+ I F, (32)
dri1dzodQ 248274 s(1—ry)?
where the function Fj is given by the formula (24).
Having carried out integrations along the angles of departure of particles, for the energy
distribution of Higgs bosons we obtain the formula

do  GYMS g+ g%
drydzy  96v2r3 s(L—rg)2 2 (33)
x [C390 + C3g1 + Ciga — 2C3Cag5 — 2C3C1 g4 + 2C2Cg5)
where

g0 = (Y1 + y2)* — 4ra,
g1 = y2(y2 —2) —4ra + 1,
g2 =y1(y1 —2) —4ra + 1, (34)
g3 =y2(y2 — 1) + y1(y1 +2) — 2ra,
ga=y1(y1 — 1)+ y2(y2 + 1) — 2ry,

gs=y1+y2 +y1y2 +2rg — 1.

Figure 4 illustrates the dependence of the differential effective cross section of the reaction
e~ et — AAA on the variable 21 at /s = 500 GeV, M4 = 150 GeV, tanf3 = 3, xw = 0.2315 and
of the scaling energy xo = 0.4. As can be seen from the figure at a fixed energy zo = 0.4, with
an increase in the variable x1, the differential cross-section of the reaction under consideration
first increases and reaches a maximum at x; = 0.615, and a further increase in the scaling
energy leads to a decrease in the effective cross-section.
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14
12
£ 10
=
S 8
=,
3
T 6
)
=
4
2
0 1 1 1 L
0,59 0,6 0,61 0,62 0,63 0,64

X1

Figure 4: Dependence cross section of the reaction e"et — AAA on the variable x| at x5 = 0.4.

With another fixed value of the scaling energy zo = 0.45, the nature of the dependence of
the differential effective cross-section of the process e"et — AAA on the energy z; changes
dramatically. Here, a monotonous decrease in the differential cross-section is observed with an

increase in the scaling energy =1 (Fig. 5).

0,25
0,2
=
]
<
=
“ 015 |
fal
=
3
T 01t
©
=
0,05
0 1 1 1 1
0,6 0,61 0,62 0,63 0,64 0,65
X1

Figure 5: Dependence cross section of the reaction e"e™ — AAA on the variable z1 at xo = 0.45.
It should be noted that the experimental study of the reaction of the production of three

CP-odd Higgs bosons in electron-positron collisions is of particular interest, since it allows us to
accurately measure the constants of the three-boson interactions Ap44 and Agaa.
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3 The production of the Z-boson and two CP-odd Higgs bosons

Now let s consider the process of joint generation of a vector Z-boson and two CP-odd A-bosons
in polarized electron-positron collisions e~"e™ — ZAA. The Feynman diagrams shown in Fig. 6
correspond to this process.

According to diagram a) Fig. 6, the electron-positron pair annihilates into a vector Z*-
boson, which emits a CP-even ®*-boson (®* = h* or H*-boson), and the ®*-boson turns into
two CP-odd A-boson.

In the MSSM, the amplitude corresponding to diagram a) of Fig. 6 can be represented as:

My = 9zee90729044L, D (p)U,, (k) Do (p — k)™ (k1) @™ (k2), (35)

where gozz and gpaa— are the interaction constants of the CP-even ®-boson with Z-bosons
and the ®-boson with CP-odd A-bosons. In the case of ® = h and H-bosons, these constants
are equal to (Djouadi et al., 1999):

Figure 6: Feynman diagrams of the e”e™ — ZAA process.

Ghzz =ig9zMzsin(f — ),
2
ghaa = —i—Z \paa,
Y (36)
gHzz =19z Mz cos(f — a),
2
JHAA = _iTZ/\HAA

Due to the conservation of the electron-positron current ¢,p, = €,(piy + p2,) = 0, the
amplitude (35) is simplified

M3 0,Ux (k)

Ma - gZeegZii
v $2(1—ry) (37)
Apaasin(f —a)  Agaacos(f—a)l] «
(f-a), B =) o ()i (k).
Yz + 71z —7Th Yz +rz7 —TrH

Here yz = 1 —xy, vz = 2Ez/\/s, Ez— is the energy of the Z-boson and the notation is
accepted:
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2 2 2
M7 My My
=Y Th=—, TH= —.

S S S

rz

Now let’s write the amplitude corresponding to diagram b) Fig. 6 (according to this diagram,
the e~ et-pair turns into a vector Z-boson, and that emits two A-bosons at one point and goes
into the final state):

My = 9zee9z7440,D,0, (p)U; (k)™ (k1) ¢* (k2)
9% LUK (38)

= 9zee™s 1P (k1)y (k2),
9z 282(1_TZ)<P(1)%0(2)

and we square the sum of the amplitudes M, and Mj:

SVACHMS ,

k. k,
| M, + My)?* = mrza L <—g,“, + ]\”4% ) , (39)

where

- Apaasin(f —a)  Agaacos(f — ) Jri7 (40)
Yz +rz —Th Yz +71z —TH Tz

L,,,— electron-positron tensor (19).
The product of electron-positron L, and Z-boson (—g,, + kuk, /M%) tensors is equal to:

Liw ( ~ g+ ’3};) = 2061+ | 0P+ 3z 01 K2 ) = (o 52) 4 )k 82))]

2 (o1 k) (k- 52) — (pa - k) (k- sl>>]

+2(g7 — g?%)me [(Pl - s2) — (p2 - 51) + e
Z

2 (o k) (2 F)(s1 - 52))

+49L9r [(pl -p2)(s1-52) — (p2-51)(p1 - s52) + e
Z

—(p1-p2)(k-s1)(k-s2) + (p2- k)(p1 - s2)(k - 51) + (p1- k) (p2 - s1)(k - s2) |-

(41)

We proceed to the calculation of diagram c¢) Fig. 6, which shows that the e~ e'-pair first

turns into a virtual Z*-boson, and that turns into a CP-even ®*-boson and CP-odd A(ks)-boson,
then ®*-the boson decays into a vector Z- and CP-odd A(ki)-boson.
The amplitude corresponding to this diagram can be written as:

M, = gy 92 k1, sin2(ﬁ —a) N cosQ(ﬁ —a)
‘ IR0 —rg) lyy+ra—71h Y1 +7a—7TH

where y; =1 — z1, ©1 = 2E1/+/s, F1— is the energy of the Higgs boson A(k1).
The square of the amplitude modulus is equal to:

]kQ,,U;w)so*(kl)so*(kz), (42)

1 [0052(5—04) sin?(3 — «) ]2
3 +
L—rz)? ly1+ra—rn y1+ra—rg
k. k 8v2G3 M
kookoo | —Gpe + 2o | L,k ki = —— 12
X K2k ( 9po + M%) WY T 31— ry)2ry
cos’(B — a) N sin®(8 — a) ]2

y1+ra—nry, yi1+ra—rg

2 2 2
‘MC‘ = 9Zce97 84(

X [(yl - TZ)2 - 4""Z"AA] L,kaluklz/ |:
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The product of tensors L, k1,k1, is given by the expression

Luvkiuky = 2(97 + 9%) [2(p1 - k1) (p2 - k1) — (p1 - p2) M3
— m ( (k‘l 81)(/{71 52) (51 . SQ)M%]
+2(97 — g7)me [2(p1 - k1)(s2 - k1) — (p1 - s2) M3

—2(p2 - k1) (k1 - s1) + (p2'31)Mf21}

+49L9R[ (s1-52) (2(p1 - k1) (p2 - k1) — (p1 - p2)M3)
—2(p1 - p2) (k1 - s1)(k1 - 52)
+ (p2 - 51) (2(p1 - k1) (k1 - s2) — (p1 - 52)M3)

+ 2(p2 - k1)(p1 - s2) (k1 - 51)}-

Let us now consider the interference of diagrams (a)+b)) and c¢) Fig. 6

(M + M )M, + M (M, + M,) =

16v/2G3MS ; [0052(5 —a) N sin?(f — a) } "
s3(1 —rz)? yit+ra—rhn  Y1+ra—rH
x Ly [—kmlm — gk, + ylz_J(kukly + kykm)] .
rz
(45)
Find the product of tensors Ly, (—ki,ka, — kopk1,) and Ly, y12TTZ (kuk1y + kukiy)
Ly (=kypkay — kauk1y) = — 4(9L +gR) [(p1 - k1) (p2 - k) + (p2 - k1) (p1 - k2) — (p1 - p2) (k1 - k2)
—m; ((k:1 s1)(ka - s2) + (k1 - s2)(ka - s1) — (s1 - s2) (k1 - ]{72))]
—4(97 — gR)me [(p1 - k1) (kg - 52) + (1 - k2) (k1 - s2) — (p1 - s2) (1 - k2)
—(p2 - k1) (k2 - 81) (p2 - k2) (k1 - s1) + (p2 - s1) (k1 - k)]
—8grgr [—(s1-52) ((p1 - k1)(p2 - k2) + (P2 - k1) (p1 - k2) — (p1 - p2) (k1 - k2))
—(p1 - p2) (k1 - s1)(k2 - s2) + (k1 - s2)(k2 - 51))
p1- k1) (k2 - s2) + (p1 - k2) (K1 - s1) — (p1 - s2) (k1 - k2))
)

<p2 81)((
+(p1 - 52) ((p2 - k1) (k2 - s1) + (p1 - ka2)(k1 - 82))];
(46)
L2 b+ R =22 (g 4 )R )+ (2 k) B) — ) )

—mZ[(ky - s1)(k - s2) + (k1 - s2) (k- s1) — (51 52)(k - k)]}
+ (97 — gp)me{[(pr - k1) (k- s2) + (k1 - 52)(p1 - k) — (p1 - k) (K - s1)
— (p2- k1) (k- 51) — (p2 - k)(k1 - 51) + (p2 - s1) (K - k)]
+ 291.9r[—(s1 - s52)[(p1 - k1) (p2 - k) + (p2 - k1)(p1 - k) — (p1 - p2)(k - k1)
— (p1-p2)[(k1 - s1)(k - s2) + (k1 - s2) (K - 51))]
+ (p2 - s1)[(p1 - k1) (k- s2) + (p1 - k) (k- s1)(k1 - s2) — (p1 - s2) (K - k)]
+ (p1-52)[(p2 - k1) (k- s1) + (p2 - k) (k1 - s1)]]}-

(47)
Now we calculate the interference of diagrams c) and d), which differ from each other by
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replacing the places of CP-odd Higgs bosons A(k1) and A(ks):

8V2GLMS 1 [COSQ(B —a) N sin?(B8 — a) ]
s3(L—rz)*rz |yi+ra—rm yi+ra—7rH

" |:C082(,6 —a) N sin?(3 — a)

MIMy+ MM, =

- — -2 -2
Y2+rAa—TH Y2+TA— TH:| (1 =r2)2 = r2) ralyz +rz ra)l

x {(g7 + gw)(p1 - k1) (p2 - ka2) + (P2 - k1) (p1 - k2) — (p1 - p2) (k1 - k2)]
—mZ[(ky - s1) (kg - 52) + (k1 - s2)(ka - s1) — (s1 - 52) (k1 - k2)]}

+ (g7 — gr)me{[(p1 - k1) (k2 - 52) + (p1 - ko) (k1 - s2) — (p1 - 52) (1 - k2)
— (p2 - k1) (k2 - s1) — (p2 - k2) (K1 - s1) + (p2 - 51) (k1 - k2)]

+2g919r[—(51 - 52)[(p1 - k1) (P2 - k2) + (p1 - k2)(p2 - k1) — (p1 - p2) (K1 - k2)]
— (p1-p2)[(k1 - s1)(k2 - s2) + (k1 - s2)(k2 - s1)]

+ (p2 - s1)[(p1 - k1) (k2 - s2) + (p1 - k2) (k1 - s2) — (p1 - 82) (1 - K2)]

+ (p1 - 82)[(p2 - k1) (k2 - s1) + (P2 - k2) (k1 - s1)]]}-

(48)

Similarly, it is easy to calculate the square of the amplitude \Md\Q and the interference of
the diagrams (a)+b) and d)):

| My|? = |McJ? (21 > 2,51 <> 12),
(M + M Mg+ Mj (Mg + My) = [(MS + M )Mo+ M (M, + My)| (1 > 22,91 4> y2) -
(19)
The unit spin vectors of the electron and positron in their rest systems ?1 and ?2 are de-
composed into longitudinal and transverse components (see formula (22)). Then the differential
effective cross section of the reaction e~ et — ZAA is expressed by the formula:

do(Ai, Aoy, p) _ V2GEMG 1
dz1dzedQy 12874s (1 —1ry)? (50)
< {[g2(1 = M) (1 + A2) + g2 (14 A1) (1= A2)] -
+29L9rMmM2Y2}

where df)z = sin0zd0zdp— solid angle of departure of the Z-boson,

a? cos?(B — a sin?(f8 — «
¢1=rzf0+4a7“z[ (8 )+ p )]fl
2 yit+ra—rn y1+ra—rH
1 [COSQ(ﬁ —a) N sin?(8 — a) }
drz (y1+7A—Th Y1+ TA—TH
cos?(B — sin?(B —
x[ (B a)+ in?(B oz)}f2 (51)
Yo+ra—Th  Y2t+ra—TH
1 [cos?(B—a sin?(8 — « 2
P L[ , i)
Y1+74—7Th Y1+TA—TH
+ {(91 — 92,.%'1 < T2,Y1 y2}7

78



S.K. ABDULLAYEV, M.Sh. GOJAYEV: THE PRODUCTION OF CP-ODD HIGGS BOSONS...

2 2 in2
a cos -« sin -«
P9 = —rzhg + dary [ (8 ) + 8 ) ] ha
2 Yyr+ra—rn Y1 +TA—TH
1 [COSQ(B—a) n sin®(8 — ) }
drz lyi+ra—rn Y1 +TA—TH
2(1R 102 _
" [cos (8 —a) | sin (B —a) } B
Yo+ra—"Th Y2+TA—TH
1 [cos?(B—a sin?(8 — « 2
L[edBoa)  wieoa ),
rz Y1 +ra—"Th Y1 +TA—TH
+ {91 — 027x1 < T2,Y1 y2}7

fo = 22(1 —v?cos?0y) + 4r4(1 + cos? 0, ,
A

f1=—1179 + ’UQ\/(Z'% —4rq) (22 — 4r4) - cos by cos b2

Yyr —rz

+2U2(yz +ry—2r4)+
rz

(711

_v2\/(3:22 —4rz)(z? —4ry) - cosfz cos Oy — 202 (g1 — ra)l,

fo=1y1 —r2)(y2 —rz) = 2rz(yz + 12 — 2r4)]

X[z122 — 2v2(yz +ry—2r4) — ’UQ\/(.%'% —4ra) (2% — 4r4) - cos b cos Os),
fs=1[(y1 —12)* —drzra
x[23(1 — v% cos® B1) — 4rv? sin? 0],

ho = —(z% — 4rz) sin? 7 cos(2p — pg),

hi = cos po(—z172 + U2\/(JZ% —dr ) (x3 — 4r4) - cos b cos bz + 20% (yz + 77 — 2ra))

—1—1}2\/(37% — 4r4) (23 — 47 4) sin 01 sin B2 (cos @ + cos(2¢ — ¢o))

Y1 — 1z
2ry

[cos po(Tz21 — vz\/(xQZ —4rz)(x? — 4r4) cos Oz cos by — 2U2(yz +7r7—2r4))

—v2\/(x22 — 4rz)(z? — 4r4) sin 0y sin Oz (cos po + cos(2p — o)),

he = cos po(z172 — v2\/(:z:% — 41",4)(93% —4r4) - cos By cos by — 2U2(yZ +7r7—2r4))

—UQ\/(x% — 4r4) (23 — 4r.4) sin 0; sin Oz (cos po + cos(2¢ — o)),

79



ADVANCED PHYSICAL RESEARCH, V.7, N.1, 2025

hs = —[(y1 — 7"Z)2 — 47"Z7"A][(x% —4ry) sin® 6, cos(2¢ — o)],

07,01(02)— is the angle between the directions of the electron and Z%-boson momentums, the
electron and A(k1)(A(k2))-boson.
First, let’s assume that the electron-positron pair is longitudinally polarized. In this case,
the differential effective cross section of the process e”et — ZAA will take the form:
dO’()\l, )\2) _ \/iG%Mg 1 %
drzdridQy; — 1287%s (1 —ry)2 (53)
* [92(1 = M) (14 A2) + gR(L+ M) (1 = A)] - n,

where the function 11 is equal to:

2
a ’
P = ET‘Z(]CO + fo) +4darzx

o [(COSQ(ﬁ—a) . sin®(8 — ) >f1+

y1+ra—ry,  y1+ra—rg

<0082(6 —a)  sin’(f-a) ) f@ N

Yo+7rAa—Th  Y2+7TA—TH

1 [cos?(B—a) n sin?(8 — a)
drz (y1+1Aa—7Th Y1tTA—TH (54)
cos?(8 — a) sin?(B — a) } /
X + + fa)+
[yz +TrA—Th Y2+TA—TH (f2+ f2)
1 [ cos?(B—a) sin?(B — ) 2
— + I3
rz (Y1 +TA—Th Yr+TA—TH
1 [cos?(B—a sin?(8 — « 2 /
P L[ e,
Tz [Y2+TA—TH  Y2+TA—TH
Here (the electron velocity is assumed to be v? ~ 1)
fo=fo=a%sin?0z + 4rz (1 + cos® 0z),
fi=—z129 + \/(ac% — 4T‘A)(£L‘% —4ry) - cosbicosby + 2(yz + 1z — 2ra)+
+ Nn=rz |:ZL‘21‘1 - \/(.%‘QZ —4rz)(z% —4rs) - cosfz cos Oy — 2(ya — T’A):| ,
27“Z
f{ = —x1T9 + \/(x% - 4T‘A)(l‘% —4ry) - cosbicosby + 2(yz + 1z — 2ra)+
y22— "z |:IL‘Z$2 — \/(ZE2Z —4rz) (2% — 4r4) - cos Oz cos Oy — 2(y; — T’A):| , (55)
Tz

fo=fo=[(p —r2)(y2 —12) — 2rz(yz + 17 — 2ra)] ¥

X |::111x2 - \/(m% — 47‘,4)(3:% —4ry) - cosbicosbly —2(yz + 1z — 27’,4)} ,

fs = [(yl —rz)? — 47’27’,4] (z% — 4r4)sin® 6y,
fs=[(y2 = rz)? — drzra] (a3 — 4r4) sin® f.

The left-right spin asymmetry Apg, due to the longitudinal polarization of the electron,
depends only on the Weinberg parameter xy,

_ 1/4 — zw
C1/4—aw + 227,

Arr (56)
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and with the value of this parameter, zy = 0.2315 is Arr = 14%.

Now suppose that the electron-positron pair is transversely polarized. In this case, the
differential effective cross section of the reaction e“et — ZAA is expressed by the formula
(angle g is taken by 7 and v? ~ 1):

do(n1,n2) \/iG%Mg 1 2 2
dr1dxodQy - 12874s (1—ry)? [(gL +gR) A 29L9R771772¢2} ’ (57)

where function 1); is expressed by formula (54), and function 3 is equal to

CL2

?(h[) + hy) + dary x
[(cosQ(ﬁa) N sin?(8 — a) >h1 N (COSQ(ﬁa) N sin?(B8 — a) >h/1] N
y_1+7“A—Th Yy1+74—TH Yo+ra—Th  Y2+TA—TH

" 1 (cos2(5—a) n sin?(3 — «) > . <COSQ(B—04) N sin?(B — «) )2(h2+h/2)

Yyr+ra—rh Y1 +ra—rmg Yo+ra—"Th  Y2t+ra—rH

Yo =

X

1 [cos?(B—a sin2(8 — ) 1°
P L[ e
rz \ly1+ra—rn  Y1+ra—rg

1 [cos?(B—a) N sin?(3 — «) ]2}1;).

+ -
Tz Y2 +TA—Th  Y2+TA—TH
(58)
Here the functions are introduced:
ho = hy = (2% — 4rz) sin? O cos 2,
hi = z129 — \/ —4ra)(x5 —4ra) - cosbicosby —2(yz + 1z — 2ry)—
- \/(Il — 4ra)(z3 — 4r4) sin 0y sin O2(1 + cos 2¢)+
+y1T [ xzx1+\/ —Adrz)( —4TA)COSHZCOS¢91+
2z +rz—2ra)+ \/(x —4rz) (2?3 — 4ra)sinfzsin 61 (1 + cos2¢) | , (59)

hy = hi(61 <> 02,21 <> 22,1 <> Y2),

ho = hl2 = —xi29 + \/(.TU% — 4r ) (2% — 4r4) - cos O cos O+

+2(yz +rz —2ra)+ \/(x% — 4ra) (23 — 4r4) sin 0y sin O2(1 + cos 2¢),
hs = [(yl —rz)?— 4TzT‘A] (2% — 47 4) sin” 0 cos 2¢,
h;) = [(?/2 - TZ)2 - 4TZTA] (ﬂ:% —4ry) sin? 03 cos 2¢p.

Based on the differential effective cross-section formula (57), we determine the transverse
spin asymmetry A, due to the transverse polarizations of the electron-positron pair:

o= 05 2 (60)
91, + 9r (03
The transverse spin asymmetry A,, in contrast to the left-right spin asymmetry Arg, de-
pends on the angles of departure of particles and on their energies. In the system of the center
of mass of an electron-positron pair, the laws of conservation of energy and momentum in the
process e~ eT — ZAA in the scaling variables xz, z1, x2 and the angles of departure of particles
02,601 and 0y are written as follows:
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Tz +x1 + 22 = 2,

\/$QZ—4T‘2COS92+ \/ZE% —4r 4 cos by + \/xg —4rpcosfy = 0.

It follows from these conservation laws that the scaling energy of the Z-boson varies in the
region

2M
22z <zz<1l4rz—A4ryu.

NG
With an energy of e~et-pairs /s = 500 GeV, with a mass of M4 = 150 GeV and My =
91.1875, we have

0.36475 < zz < 0.67326.

Figure 7 shows the dependence of the transverse spin asymmetry A, on the departure angle
0z at scaling energies xo = 0.6 and xz = 0.435. As can be seen from the figure, at the beginning
of the angular spectrum, the transverse spin asymmetry is positive and decreases with an increase
in the angle 6z and reaches a minimum value at an angle of 90°, and with a further increase in
the angle 07, the asymmetry begins to grow.

0,06

-0,02

-0,04

-0,06

15 40 65 90 115 140 165

Figure 7: Angular dependence of the transverse spin asymmetry A, in the
reaction e"et — ZAA

Figure 8 illustrates the dependence of the transverse spin asymmetry A, on the scaling
energy xz at xo = 0.6, 8z = 30° and ¢ = 0°. The figure shows that at zz = 0.4, the transverse
spin asymmetry is —0.53 and with an increase in the scaling energy, this value increases and
reaches a maximum value of A, = 0.4 at xz = 0.425. A further increase in the scaling energy
of x leads to a decline in the transverse spin asymmetry. At xz = 0.65, the transverse spin
asymmetry is equal to A, = 0.018.

Averaging over the spin states of e~e™-pairs, for the differential effective cross section of the
reaction e"e™ — ZAA, we obtain the formula

do__ _ V2GRM§  gi+gh (61)
dordred; | 128705 (1—rg)2 V
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0,6

0,4

0,2

'0,6 1 1 1
0,4 0,45 0,5 0,55 0,6 0,65

Xz

Figure 8: The energy dependence of the transverse spin asymmetry A, in the reaction e"e™ — ZAA

where the function v; is given by the expression (54).

Figure 9 shows the dependence of the differential effective cross section of the reaction
eet — ZAA on the departure angle 67 at the energy of the electron-positron pair /s = 500
GeV and scaling energies 7 = x5 = 0.6. As can be seen from the figure, with an increase in
the departure angle 0z, the differential effective cross section decreases and reaches a minimum
near the angle is 90°, and then begins to grow with increasing angle 6.

0,19

0,18

fbarn

dx,dx,dQ’ ster.

0,17

0,16

do

0,15

0,14

0'13 L 1 1 1
15 40 65 90 115 140 165

Figure 9: Angular dependence of the differential effective cross section of the reaction e“et — ZAA

Integrating the differential effective cross section (61) at the angles of departure of particles,
for the energy distribution of CP-odd Higgs bosons we obtain the formula

do ﬂG%Mg g% —i—g% (62)
dridrs  4873s (1—rz)2"’
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where

a [0082(5—06) n sin®(8 — a) rF1

¢:a2rZF0+*
2|lyi+ra—ry yr+ra—ry

2 -2 2
a COS — Sin —
[ (B—a) (B )] Py
2 | y2+ra—ry Y2+ra—rH

s [COSQ(ﬁ ~a) | s(5-a) |

2rz ly1+ra—rmn y1+rAa—TH
cos?(B — ) sin?(f — ) (63)
< + |
Y2+1rAa—Th Y2+TA—-TH
1 [cos?(B—a) sin?(8 — a) 2
— + Fy
drz lyn+ra—7"h  Yr+ra—rg
1 [cos?(B—a) N sin?(8 — a) 2 7
drg \yotra—rn  yptra—rgl
1
Fy = 1 [(y1 +2)? — 87"2} ,
Fi=y(yi —D(rz—wy1) —yi(yn + D) (1 +7z) +2rz(1+rz — 4ry),
Fy=wya(ya — 1)(rz —y2) —ya(y2 + 1)(v1 +r2) + 2rz(1 + rz — 4ra),
Fs=rz14+rz—y1—y2—8ra) — (L +rz)yiye] (2+2rz —y1 — y2)
+y1ye [iye + 15 + L+ dra(L+7z)] +4rarg(1+rz +4ra) — 13, (64)

Fy=(y1 = 1D)*(rz —y1)* = 4rayi(yi + 1291 — 4r7)
+ry(ry —4ra)(1 —4ry) — 1%,

Fs = (y2 —1)*(rz — y2)* — 4raya(y2 + rzy2 — 472)
+rz(ry —4ra)(1 —4rg) — 1%,

Figure 10 shows the dependence of the differential effective cross-section of the reaction
e"et — ZAA on the scaling energy x1 at a fixed x5 = 0.925. With the growth of the variable

x1, the effective cross-section increases.

0,4

do/dx,dx,, fbarn
e
N

0 1 1 1 1
0,6 0,62 0,64 0,66 0,68 0,7 0,72

X1

Figure 10: Energy dependence of the cross section of the reaction e“et — ZAA.
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4 Conclusion

Thus, we investigate the process of the production of three CP-odd Higgs bosons during the
annihilation of an arbitrarily polarized electron-positron pair e“et — AAA and the process of
the joint production of a vector Z-boson and two CP-odd Higgs bosons e"et — ZAA. Taking
into account all Feynman diagrams a), b), ¢) Fig. 1 and diagrams a), b), ¢), d) Fig. 5, analytical
expressions of differential cross sections of processes are obtained. Left-right Az r and transverse
A, spin asymmetries due to longitudinal and transverse polarizations of the electron-positron
pair are determined. The dependence of spin asymmetries and differential effective cross sections
on the departure angles and particle energies is studied in detail.

Note that the experimental study of the reactions of the production of three CP-odd Higgs
bosons and the reaction of the production of a vector Z-boson and two CP-odd Higgs bosons is
of particular interest, since it allows you to accurately measure the constants of the three-boson
interactions Apa4 and Agaa, the constant of the interactions of CP-even ® (® = h or H) and
two CP-odd Higgs bosons gp 4.
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